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Introduction
The uses of Operations Research and, more specifically, optimization are seen in many areas from manufacturing to the stock market. In our project, we are focusing on the financial area associated with operations research.  For this project, we studied two articles related to predicting portfolio variance.  Using the information from these articles, we created a mathematical model that can be used to determine which stocks to purchase while maximizing profit and minimizing variance.  Using our model, we show that one could make confident and positive investments given previous data.


Section 1
Introduction:
 The uses of Operations Research and, more specifically, optimization are seen in many areas from manufacturing to the stock market. In our project, we are focusing on the financial area associated with operations research. The articles we have chosen both focus on the stock market and maximizing revenue while maintaining a relatively low risk. 

Practical Significance:
This subject is relevant to anyone that invests their money in the stock market. Anyone who invests wants to find ways to increase their revenue without taking on too much risk. These reports show some different ways to evaluate stocks based on their past histories to come up with the portfolio that will maximize your expected gain.

Paper 1:
“The ‘Efficient Index’ and Prediction of Portfolio Variance”
The theoretical benefits of the Markowitz efficient frontier are hard to capture in practice
Kenneth Winston

	The subject of this article is the “Efficient Index,” which was introduced by Haugen and Baker in 1990. The EI is a portfolio that is meant to be more efficient than the usual cap-weighted indexes. The authors of the earlier reports on EI proclaim that a finding a minimum variance portfolio subject to constraints does not suffer from the inefficiencies of taxes, restrictions on short-selling, heterogeneous expectations, and different opportunity sets. The purpose of this paper is to explore several questions such as: 
-What is the best way to predict efficiency? 
-How sensitive is EI back testing to changes in parameters? 
-Are the EI results due to portfolio efficiency?
	The EI is found based on minimizing the variance of stocks over the previous twenty-four months. The portfolio is held for a quarter then re-optimized using the new data. In order to apply the EI, certain constraints must be made. These constraints are common constraints when building a portfolio to minimize risk. Stocks must be in the S&P 500 and must have been traded for at least twenty-four months prior to optimization. Stocks are held long only, can be no more than 5% of the portfolio, and cannot be more than three times its S&P weight. No more than 20% of the portfolio can be in one industry. And finally, turnover is controlled to approximate 20% per year. 
	The variance prediction model used by the EI is known as the Markowitz model. It uses the past sample covariance matrix to predict the future covariance matrix. It has been researched by Elton and Gruber that this much information is not truly needed. When correlating 100 stocks, it results in a matrix with 4950 values. They found that the overall mean model comparing actual correlations to the predicted was comparable to that of the Markowitz model. This means that one number can replace 4950 and keep relatively the same prediction power. This does not directly prove which method is best to predict the minimum-variance portfolio, which is what the author does next. 
	Winston used a number of different ways to estimate the covariance matrix and did not include the stock turnover constraint. In three of his methods, he did not factor in correlations, which made the problems simple linear programming problems. Basically, the historical variances of the stocks were taken and starting with the lowest ones, they were added to the portfolio at three times their S&P weight until 100% of the portfolio was filled. It was found that all methods of estimating the covariance matrix produced a lower standard deviation and higher return than the S&P 500, but the Markowitz model was not the best estimator.
	Finally, Winston tests sensitivity tests to parameters. He tested a change in the capitalization multiple and showed that a slight change would result in a huge range of subsequent returns. Winston believes that although a relaxation of parameters will always result in “slack,” that the gap between prediction and outcome is still unreasonably large. He states that this slack appears to be so large that it is impossible to state that efficiency is the reason for the EI’s behavior.  

Paper 2:	

“Portfolio Optimization with Factors, Scenarios, and Realistic Short Positions”
Jacobs, Bruce I., Levy, Kenneth N., Markowitz, Harry M.

Speed, immediate results, and optimal answers are all a growing trend that we see more and more of in our modern society. This especially true when it comes to the stock markets and choosing a portfolio that someone can feel comfortable investing in. People want an investment that they can expect to see optimal returns. However, they also want a portfolio that is not going to jump around on them or suddenly drop. They need one that is consistent. Today, it is possible to devise a program that will allow a user to see what portfolios they expect optimum returns with minimal risks. In an article titled, “Portfolio Optimization with Factors, Scenarios and Realistic Short Positions” written by Bruce Jacobs, we are presented with some models that can help produce a system where we can maximize with minimum risk involved. 
	When producing such models there are many variables and constraints that one must keep in mind, as Jacob discusses. One constraint he describes is to keep in mind that the investor, in most cases, with traditionally only invest in one stock at a time, so the program needs to be able to not only observe each individual stock over time, but also see if it would be optimal for one to invest in one stock for a certain amount of time and pull out to invest in another for the set period of time the person wants to invest. The article, however, is mainly focused on devising a model that will maximize return and minimize the variance of the return.
	One of the primary models that Bruce discusses is a linear model know as a CPLM. This model enumerates over a number of variables and constraints that need to be kept in mind when producing such a program as we are trying to do. This model seems to not only be the most reliable, but also can process and compute the large amounts of data the most efficiently and quickest. This is helpful as Jacobs describes because we want answers fast. This is most likely the model that we will base ours’ off of to in order to produce a program that can optimize the stocks.
	Bruce Jacob’s article, “Portfolio Optimization with Factors, Scenarios and Realistic Short Positions” explains the different models, constraints, and variables to consider when producing a program that can optimize stock returns with minimum variance. This is very useful in today’s world since the stocks have become very valuable and people want to invest wisely. A program, such as he describes, would be very beneficial and useful.


Comparison
The main similarities within the two articles are that they both describe models and methods to optimize stock portfolios while minimizing the variance. In both, the authors explain Markowitz’s theory, a valuable tool and theory needed to keep in mind when trying to develop such a program. They also give more than one type of model that can be used and discuss that there are multiple models and methods that one can use when developing the system. Winston focuses, however, more on Markowitz’s theory while Jacob’s is more concerned on the speed and efficiency of the CLPM model.  While they both describe the same main ideas, they have a different approach at doing so. Bruce Jacob’s uses much more numerical based information to explain his theories while Winston takes more of a theoretical approach in his article. Both approaches are effective, and they both do an exceptional job at explaining how to take on a program that can optimize returns while minimizing risks. Although there are these differences, our group will take both articles into account when developing our own mathematical model.

Evaluation
After reviewing both articles, the one most useful to us is Winston’s article on the Efficiency Index. Both articles provided good information on the Markowitz model and ways to predict future stock growth. The readability of the Winston article was also much better than the article by Jacobs.  Winston provided excellent background information to go with his equations and charts. The most important bit of information done by Winston was the variance prediction testing. He showed that using the Markowitz model was not truly needed to predict future activity. This is very important for our implementation. Since this will simplify the model without losing relevance, it allows us to solve a more complicated problem in a shorter amount of time. 
	The Jacobs article is much more mathematical, which can have advantages and disadvantages. The advantages are obvious if you are a more analytical thinker and can look at equations and determine what they mean, what constraint it is, and how it is used. For logical thinkers though, word explanations are more important. This is where we feel the Jacobs article lacks. If you have a strong background in this area, understanding the concepts wouldn’t be too difficult. But for people not in the field of study, it can be very difficult to grasp the concepts that the authors are trying to explain.


Section 2
Simplifications
In this model, since GAMS is limited, we must limit the time frame and the database of stocks that we are analyzing. In particular, we will research 10 stocks from the Dow Jones over a 5 quarter rotational holding period. When initially attacking this problem, I downloaded over 30 years of monthly data for the current Dow Jones, one stock at a time. Then, I assumed that the Dow Jones has kept the same basket of stocks that it has currently for the last year and a half. Further, I assumed that the easiest way to measure risk was to take the last 24 months of price closes and calculate the standard deviation. The slope is also calculated using the last 24 months and a linear regression. I figured that to put all of the stocks on the same playing field, the slope was divided by the price, so that it's the %change in price, slope. Then, the percent change over the next quarter is exactly that. Using these assumptions, we can take a basket of stocks and find those who are less risky (have a lower standard deviation over the last 24 months), choose the ones that are historically the better performers (slope > 0) and choose which stocks we want to own to minimize risk and maximize return. Based on this hypothesis, we can make a portfolio and then test its return using the % change over the next quarter and a uniform weighting of the stocks.

Short Problem Statement
We want to take a sample of stock data and sort out the top half that have a high standard deviation. Then, we want to keep the stocks with a positive slope. Then, to test the hypothesis, we want to see if our strategy is more profitable than the strategy that buys the entire basket of stocks.
	SLOPE
	MMM
	AA
	MO
	AXP
	AIG
	T
	BA
	CAT
	C
	DD

	6/1/2007
	0.003765
	0.011143
	0.005789
	0.006154
	0.005114
	0.020043
	0.014259
	0.007852
	0.007752
	0.009947

	3/1/2007
	0.0012
	0.007549
	0.010388
	0.003754
	0.007302
	0.017343
	0.013946
	-0.00714
	0.00645
	0.004875

	12/1/2006
	-0.00125
	0.003116
	0.009605
	0.002714
	0.005257
	0.013698
	0.015369
	-0.01683
	0.004136
	-0.00343

	9/1/2006
	-0.00306
	-0.00113
	0.012062
	-0.0007
	0.002235
	0.007981
	0.017654
	-0.01783
	0.00293
	-0.00785

	6/1/2006
	-0.00199
	-0.00283
	0.015591
	0.000735
	-0.00181
	0.002473
	0.017948
	-0.01242
	0.002734
	-0.00516



	STD
	MMM
	AA
	MO
	AXP
	AIG
	T
	BA
	CAT
	C
	DD

	6/1/2007
	5.010395
	4.152745
	6.333902
	3.737109
	3.873814
	6.080183
	10.3466
	7.73738
	3.267597
	4.266817

	3/1/2007
	3.850304
	2.716643
	7.042435
	2.705901
	4.941039
	5.150714
	9.384192
	11.53758
	2.942641
	3.57126

	12/1/2006
	4.731982
	2.402004
	6.433097
	2.568917
	5.086035
	3.879988
	10.29384
	13.97131
	2.525878
	3.84759

	9/1/2006
	4.767502
	2.672129
	7.44226
	1.805689
	4.445695
	2.483461
	10.42303
	14.83402
	1.916008
	3.801939

	6/1/2006
	4.437891
	2.848097
	9.151405
	1.97421
	5.091366
	1.292197
	10.80262
	14.60001
	1.894074
	3.64037



	QTRCHNG
	MMM
	AA
	MO
	AXP
	AIG
	T
	BA
	CAT
	C
	DD

	6/1/2007
	0.078235
	-0.03479
	-0.0087
	-0.02958
	-0.03399
	0.019518
	0.091826
	0.00166
	-0.09008
	-0.02518

	3/1/2007
	0.135549
	0.195575
	-0.20123
	0.084752
	0.041803
	0.052498
	0.081543
	0.168134
	-0.00097
	0.028525

	12/1/2006
	-0.01925
	0.129623
	0.023188
	-0.07038
	-0.06196
	0.102937
	0.000788
	0.09294
	-0.07828
	0.014781

	9/1/2006
	0.047165
	0.070257
	0.121097
	0.081847
	0.081497
	0.097973
	0.126696
	-0.06793
	0.121401
	0.137021

	6/1/2006
	-0.07862
	-0.1335
	0.042489
	0.053739
	0.1221
	0.167444
	-0.03736
	-0.11654
	0.02943
	0.029808



You must own a basket of stocks for each time period. For each period, choose a basket of stocks such that you:
Maximize the slope, while selecting a basket of stocks whose STD is less than the average STD.



Mathematical Model of the Problem
DATA
Date
Stock
qtyOwnedMax
qtyTotal
SlopeOverPricedate,stock
STDdate,stock
QTR CHNGdate,stock	“Quantity of stocks owned for each quarter”
VARIABLES
owndate,stock	“Indicator variable for which stocks are owned during which period”
averageSTDdate	“average standard deviation for a quarter”
rotationprofit	“gives the profit using the algorithm we designed”
averageprofit	“average profit of the entire system”
IVR
0 ≤ owndate,stock ≤ 1	“1 if stock is owned during period, 0 else”
averageSTDdate ≥ 0	“the standard deviation cannot be negative”
CONSTRAINTS
Rotationprofit = owndate,stock *QTRCHNGdate,stock / qtyOwnedMax
Averageprofit = QTRCHNGdate,stock / qtyTotal
averageSTDdate = STDdate,stock / qtyTotal  Vdate E DATE
owndate,stock * STDdate,stock / qtyOwnedMax ≤ averageSTDdate  Vdate  E DATE
OBJECTIVE
max owndate,stock * SlopeOverPricedate,stock / qtyOwnedMax


Model Class Description
This model is a linear, integer, and single-objective problem.  The methodology that can be used to solve this problem is to find the relaxation of the problem and use the Branch-and-Bound algorithm. The relaxation for this problem can be obtained by making this a continuous problem.  Since this problem is a linear problem, a solution can be obtained using this method.  However, it would take a substantial amount of time to obtain a solution this way.


Section 3
Test Instances
In order to obtain the necessary data, we went to finance.yahoo.com.  From this website, we downloaded monthly historical data dating back to origination of all the thirty Dow Jones companies.  Based on this data, we calculated the slope of the price over the previous twenty-four months and we calculated the standard deviation over the last twenty-four months using Microsoft Excel.  Then we calculated the percent change in price over the next three months/ quarter.  We did this for each component of the Dow Jones Industrial Average. Then we created individual matrices for the three following components: standard deviation, previous slope/ price, and percent change.   After compiling these matrices into GAMS, we obtained records dating from 2000 until 2007 on a quarterly basis. 
GAMS Implementation
We encountered some difficulties in the implementation into GAMS.  Since we use the demo version of GAMS, our data exceeded the regulations set forth by the software license.  To overcome this challenge, we attempted to run our model through a NEOS server, a state-of-the-art optimization server that exists online.  However, this gave us surprising results.  Through troubleshooting we decided to simplify our data to only include ten companies in the Dow Jones over the past year and run it in GAMS again.  This gave us results that our initial model forecasted.  For our simplified solution, we were able to prove that it is a globally optimal solution.  However, for the solution obtain using NEOS server, we cannot prove that it is a global optimal solution.
Computational Results
The solution obtained using GAMS is shown in the tables below.
Table 1:
	
	
	
	
	
	Total
	Rotation

	Holding Period
	
	Total Portfolio
	Rotation Portfolio
	%Ch Stock
	$10,000
	$10,000

	6/1/2006-8/31/2006
	MMM
	0.1
	
	-7.86%
	-$79
	$0

	
	AA
	0.1
	
	-13.35%
	-$133
	$0

	
	MO
	0.1
	0.2
	4.25%
	$42
	$85

	
	AXP
	0.1
	0.2
	5.37%
	$54
	$107

	
	AIG
	0.1
	
	12.21%
	$122
	$0

	
	T
	0.1
	0.2
	16.74%
	$167
	$335

	
	BA
	0.1
	0.2
	-3.74%
	-$37
	-$75

	
	CAT
	0.1
	
	-11.65%
	-$117
	$0

	
	C
	0.1
	0.2
	2.94%
	$29
	$59

	
	DD
	0.1
	
	2.98%
	$30
	$0

	
	
	
	
	
	$10,079
	$10,511

	9/1/2006-11/30/2006
	MMM
	0.1
	
	4.72%
	$48
	$0

	
	AA
	0.1
	
	7.03%
	$71
	$0

	
	MO
	0.1
	0.25
	12.11%
	$122
	$318

	
	AXP
	0.1
	
	8.18%
	$82
	$0

	
	AIG
	0.1
	
	8.15%
	$82
	$0

	
	T
	0.1
	0.25
	9.80%
	$99
	$257

	
	BA
	0.1
	0.25
	12.67%
	$128
	$333

	
	CAT
	0.1
	
	-6.79%
	-$68
	$0

	
	C
	0.1
	0.25
	12.14%
	$122
	$319

	
	DD
	0.1
	
	13.70%
	$138
	$0

	
	
	
	
	
	$10,902
	$11,739

	12/1/2006-2/28/2007
	MMM
	0.1
	
	-1.92%
	-$21
	$0

	
	AA
	0.1
	0.25
	12.96%
	$141
	$380

	
	MO
	0.1
	0.25
	2.32%
	$25
	$68

	
	AXP
	0.1
	
	-7.04%
	-$77
	$0

	
	AIG
	0.1
	
	-6.20%
	-$68
	$0

	
	T
	0.1
	0.25
	10.29%
	$112
	$302

	
	BA
	0.1
	0.25
	0.08%
	$1
	$2

	
	CAT
	0.1
	
	9.29%
	$101
	$0

	
	C
	0.1
	
	-7.83%
	-$85
	$0

	
	DD
	0.1
	
	1.48%
	$16
	$0

	
	
	
	
	
	$11,049
	$12,492

	3/1/2007-5/31/2007
	MMM
	0.1
	
	13.55%
	$150
	$0

	
	AA
	0.1
	0.2
	19.56%
	$216
	$489

	
	MO
	0.1
	0.2
	-20.12%
	-$222
	-$503

	
	AXP
	0.1
	
	8.48%
	$94
	$0

	
	AIG
	0.1
	
	4.18%
	$46
	$0

	
	T
	0.1
	0.2
	5.25%
	$58
	$131

	
	BA
	0.1
	
	8.15%
	$90
	$0

	
	CAT
	0.1
	
	16.81%
	$186
	$0

	
	C
	0.1
	0.2
	-0.10%
	-$1
	-$2

	
	DD
	0.1
	0.2
	2.85%
	$32
	$71

	
	
	
	
	
	$11,697
	$12,678

	6/1/2007-8/31/2007
	MMM
	
	
	7.82%
	$0
	$0

	
	AA
	0.1
	0.25
	-3.48%
	-$41
	-$110

	
	MO
	0.1
	
	-0.87%
	-$10
	$0

	
	AXP
	0.1
	
	-2.96%
	-$35
	$0

	
	AIG
	0.1
	
	-3.40%
	-$40
	$0

	
	T
	0.1
	0.25
	1.95%
	$23
	$62

	
	BA
	0.1
	
	9.18%
	$107
	$0

	
	CAT
	0.1
	
	0.17%
	$2
	$0

	
	C
	0.1
	0.25
	-9.01%
	-$105
	-$285

	
	DD
	0.1
	0.25
	-2.52%
	-$29
	-$80

	
	
	
	
	
	$11,569
	$12,264

	
Table 2:


	Total
	Rotation

	Beginning
	$10,000
	$10,000

	6/1/2006-8/31/2006
	$10,079
	$10,511

	9/1/2006-11/30/2006
	$10,902
	$11,739

	12/1/2006-2/28/2007
	$11,049
	$12,492

	3/1/2007-5/31/2007
	$11,697
	$12,678

	6/1/2007-8/31/2007
	$11,569
	$12,264



Table 1 displays the stocks that will achieve optimal return with minimal risk within the given holding periods.  This table also displays the profit made when the stocks are equally invested versus when investing in the optimal stocks.  This is shown more clearly in table 2. These solutions show that there is a way to gain profits greater than those returned when investing equally in the Dow Jones stocks. In order to obtain these results, intense computing efforts were taken.  As described in the previous section we had to resort to a state-of-the-art online software program, simplify the data input, and then run it again through GAMS. The solutions make sense simply because by using technical analysis we observed that these stocks follow a trend, and it is expected with these blue-chip companies that the trends will continue with steady growth. This growth can be optimized by knowing how and when to invest in certain stocks rather than investing equally throughout the holding period.
Correctness Checks
We made charts in Excel to verify that our model was profitable.  


The above charts show one correction we needed to make when we analyzed the results. As seen, with the data before September 2001 the previous trend was a loss in profits, thus, the program assumed a losing trend outputting results less than we expected. Once removing this data and beginning with data after September 2001, the trend was profitable. It is inconclusive to argue that these changes were made to simply gain results in our favor. Had we began with data as early as 1995, for example, we would likely obtain profitable results. Not all rotations had larger gains than the Dow Jones as seen in the graph below, they simply had more gains with a few big hits.

This above graph further supports the idea that our solutions are correct and reasonable. Although some periods had less profit or larger losses, overall the rotations we propose as solutions are better investments than just deciding to own all the stocks in the Dow Jones.


Conclusion
In this project, we attempted to develop our own model that provides an optimal investment by maximizing returns and minimizing variance.  By researching and analyzing various articles, we were able to create a practical model that achieves this goal.  Although most analyses proved effective,  we learned that there is no clear cut way to make money every time you invest due to the unpredictability of the stock market.  However, we did feel that over the long run our model will prove to be profitable. 
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Appendix 3
set Date /"6/1/2007","3/1/2007","12/1/2006","9/1/2006","6/1/2006"/;
set Stock /"MMM","AA","MO","AXP","AIG","T","BA","CAT","C","DD"/;

Parameter qtyOwnedMax /5/;
parameter qtyTotal /10/;

Parameters SlopeOverPrice(Date,Stock)/"6/1/2007"."MMM" 0.003765, "6/1/2007"."AA" 0.011143, "6/1/2007"."MO" 0.005789, "6/1/2007"."AXP" 0.006154, "6/1/2007"."AIG" 0.005114, "6/1/2007"."T" 0.020043, "6/1/2007"."BA" 0.014259, "6/1/2007"."CAT" 0.007852, "6/1/2007"."C" 0.007752, "6/1/2007"."DD" 0.009947,
"3/1/2007"."MMM" 0.0012, "3/1/2007"."AA" 0.007549, "3/1/2007"."MO" 0.010388, "3/1/2007"."AXP" 0.003754, "3/1/2007"."AIG" 0.007302, "3/1/2007"."T" 0.017343, "3/1/2007"."BA" 0.013946, "3/1/2007"."CAT" -0.00714, "3/1/2007"."C" 0.00645, "3/1/2007"."DD" 0.004875,
"12/1/2006"."MMM" -0.00125, "12/1/2006"."AA" 0.003116, "12/1/2006"."MO" 0.009605, "12/1/2006"."AXP" 0.002714, "12/1/2006"."AIG" 0.005257, "12/1/2006"."T" 0.013698, "12/1/2006"."BA" 0.015369, "12/1/2006"."CAT" -0.01683, "12/1/2006"."C" 0.004136, "12/1/2006"."DD" -0.00343,
"9/1/2006"."MMM" -0.00306, "9/1/2006"."AA" -0.00113, "9/1/2006"."MO" 0.012062, "9/1/2006"."AXP" -0.0007, "9/1/2006"."AIG" 0.002235, "9/1/2006"."T" 0.007981, "9/1/2006"."BA" 0.017654, "9/1/2006"."CAT" -0.01783, "9/1/2006"."C" 0.00293, "9/1/2006"."DD" -0.00785,
"6/1/2006"."MMM" -0.00199, "6/1/2006"."AA" -0.00283, "6/1/2006"."MO" 0.015591, "6/1/2006"."AXP" 0.000735, "6/1/2006"."AIG" -0.00181, "6/1/2006"."T" 0.002473, "6/1/2006"."BA" 0.017948, "6/1/2006"."CAT" -0.01242, "6/1/2006"."C" 0.002734, "6/1/2006"."DD" -0.00516/;

Parameters STD(Date,Stock)/"6/1/2007"."MMM" 5.010395, "6/1/2007"."AA" 4.152745, "6/1/2007"."MO" 6.333902, "6/1/2007"."AXP" 3.737109, "6/1/2007"."AIG" 3.873814, "6/1/2007"."T" 6.080183, "6/1/2007"."BA" 10.3466, "6/1/2007"."CAT" 7.73738, "6/1/2007"."C" 3.267597, "6/1/2007"."DD" 4.266817,
"3/1/2007"."MMM" 3.850304, "3/1/2007"."AA" 2.716643, "3/1/2007"."MO" 7.042435, "3/1/2007"."AXP" 2.705901, "3/1/2007"."AIG" 4.941039, "3/1/2007"."T" 5.150714, "3/1/2007"."BA" 9.384192, "3/1/2007"."CAT" 11.53758, "3/1/2007"."C" 2.942641, "3/1/2007"."DD" 3.57126,
"12/1/2006"."MMM" 4.731982, "12/1/2006"."AA" 2.402004, "12/1/2006"."MO" 6.433097, "12/1/2006"."AXP" 2.568917, "12/1/2006"."AIG" 5.086035, "12/1/2006"."T" 3.879988, "12/1/2006"."BA" 10.29384, "12/1/2006"."CAT" 13.97131, "12/1/2006"."C" 2.525878, "12/1/2006"."DD" 3.84759,
"9/1/2006"."MMM" 4.767502, "9/1/2006"."AA" 2.672129, "9/1/2006"."MO" 7.44226, "9/1/2006"."AXP" 1.805689, "9/1/2006"."AIG" 4.445695, "9/1/2006"."T" 2.483461, "9/1/2006"."BA" 10.42303, "9/1/2006"."CAT" 14.83402, "9/1/2006"."C" 1.916008, "9/1/2006"."DD" 3.801939,
"6/1/2006"."MMM" 4.437891, "6/1/2006"."AA" 2.848097, "6/1/2006"."MO" 9.151405, "6/1/2006"."AXP" 1.97421, "6/1/2006"."AIG" 5.091366, "6/1/2006"."T" 1.292197, "6/1/2006"."BA" 10.80262, "6/1/2006"."CAT" 14.60001, "6/1/2006"."C" 1.894074, "6/1/2006"."DD" 3.64037/;

Parameters QTRCHNG(Date,Stock) /"6/1/2007"."MMM" 0.078235, "6/1/2007"."AA" -0.03479, "6/1/2007"."MO" -0.0087, "6/1/2007"."AXP" -0.02958, "6/1/2007"."AIG" -0.03399, "6/1/2007"."T" 0.019518, "6/1/2007"."BA" 0.091826, "6/1/2007"."CAT" 0.00166, "6/1/2007"."C" -0.09008, "6/1/2007"."DD" -0.02518,
"3/1/2007"."MMM" 0.135549, "3/1/2007"."AA" 0.195575, "3/1/2007"."MO" -0.20123, "3/1/2007"."AXP" 0.084752, "3/1/2007"."AIG" 0.041803, "3/1/2007"."T" 0.052498, "3/1/2007"."BA" 0.081543, "3/1/2007"."CAT" 0.168134, "3/1/2007"."C" -0.00097, "3/1/2007"."DD" 0.028525,
"12/1/2006"."MMM" -0.01925, "12/1/2006"."AA" 0.129623, "12/1/2006"."MO" 0.023188, "12/1/2006"."AXP" -0.07038, "12/1/2006"."AIG" -0.06196, "12/1/2006"."T" 0.102937, "12/1/2006"."BA" 0.000788, "12/1/2006"."CAT" 0.09294, "12/1/2006"."C" -0.07828, "12/1/2006"."DD" 0.014781,
"9/1/2006"."MMM" 0.047165, "9/1/2006"."AA" 0.070257, "9/1/2006"."MO" 0.121097, "9/1/2006"."AXP" 0.081847, "9/1/2006"."AIG" 0.081497, "9/1/2006"."T" 0.097973, "9/1/2006"."BA" 0.126696, "9/1/2006"."CAT" -0.06793, "9/1/2006"."C" 0.121401, "9/1/2006"."DD" 0.137021,
"6/1/2006"."MMM" -0.07862, "6/1/2006"."AA" -0.1335, "6/1/2006"."MO" 0.042489, "6/1/2006"."AXP" 0.053739, "6/1/2006"."AIG" 0.1221, "6/1/2006"."T" 0.167444, "6/1/2006"."BA" -0.03736, "6/1/2006"."CAT" -0.11654, "6/1/2006"."C" 0.02943, "6/1/2006"."DD" 0.029808/;

*This is the quantity of stocks owned for each quarter

*This is the indicator variable for which stocks are owned during which period
binary variable own(Date,Stock);

*This is the average Standard Deviation for a Quarter
positive variable averageSTD(Date);

*This is the variable that we want to maximize, it's the sum of the slopes
free variable slope;

*This variable gives the profit using the algorithm that we designed to maximize profits
free variable rotationprofit;

*This variable is the average profit of the entire system, ideally rotation profit is greater than the average profit
free variable averageprofit;


equations
calcAvgSTD(Date),
MaxSTD(Date),
calcRotationProfit,
calcAverageProfit,
calcSlope;

*This equation calculates the slope that we are trying to maximize
calcSlope..
slope =e= sum((Date,Stock),own(Date,Stock) * SlopeOverPrice(Date,Stock) / qtyOwnedMax);

*This equation calculates the rotation profit
calcRotationProfit..
rotationprofit =e= sum((Date,Stock),own(Date,Stock) * QTRCHNG(Date,Stock) / qtyOwnedMax);

*This equation calculates the average profit
calcAverageProfit..
averageprofit =e= sum((Date,Stock), QTRCHNG(Date,Stock) / qtyTotal);

*This calculates the average standard deviation (or risk)
calcAvgSTD(Date)..
averagestd(Date) =e= sum(Stock, STD(Date,Stock) / qtyTotal);

*This keeps the STD of the basket of stocks chosen below the average
MaxSTD(Date)..
sum(Stock,own(Date,Stock) * STD(Date,Stock)) / qtyOwnedMax =l= averageSTD(Date);

model finalproject /all/;
solve finalproject using mip maximizing slope; 

Appendix 4
---- EQU calcAvgSTD
             LOWER     LEVEL     UPPER    MARGINAL

6/1/2007      5.481     5.481     5.481      EPS
3/1/2007      5.384     5.384     5.384      EPS
12/1/2006     5.574     5.574     5.574      EPS
9/1/2006      5.459     5.459     5.459      EPS
6/1/2006      5.573     5.573     5.573      EPS

---- EQU MaxSTD
             LOWER     LEVEL     UPPER    MARGINAL

6/1/2007      -INF     -0.405      .         .
3/1/2007      -INF     -0.090      .         .
12/1/2006     -INF     -0.467      .         .
9/1/2006      -INF     -0.117      .         .
6/1/2006      -INF     -0.550      .         .

                       LOWER     LEVEL     UPPER    MARGINAL

---- EQU calcRotat~      .         .         .         EPS
---- EQU calcAvera~     0.159     0.159     0.159      EPS
---- EQU calcSlope       .         .         .        1.000

---- VAR own
                 LOWER     LEVEL     UPPER    MARGINAL

6/1/2007 .MMM      .         .        1.000      EPS
6/1/2007 .AA       .        1.000     1.000     0.002
6/1/2007 .MO       .         .        1.000     0.001
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     VAR own
                 LOWER     LEVEL     UPPER    MARGINAL

6/1/2007 .AXP      .        1.000     1.000      EPS
6/1/2007 .AIG      .        1.000     1.000      EPS
6/1/2007 .T        .        1.000     1.000     0.004
6/1/2007 .BA       .         .        1.000      EPS
6/1/2007 .CAT      .         .        1.000      EPS
6/1/2007 .C        .        1.000     1.000      EPS
6/1/2007 .DD       .        1.000     1.000     0.002
3/1/2007 .MMM      .         .        1.000 2.4000E-4
3/1/2007 .AA       .        1.000     1.000     0.002
3/1/2007 .MO       .         .        1.000      EPS
3/1/2007 .AXP      .        1.000     1.000      EPS
3/1/2007 .AIG      .         .        1.000      EPS
3/1/2007 .T        .        1.000     1.000     0.003
3/1/2007 .BA       .        1.000     1.000      EPS
3/1/2007 .CAT      .         .        1.000    -0.001
3/1/2007 .C        .        1.000     1.000      EPS
3/1/2007 .DD       .        1.000     1.000      EPS
12/1/2006.MMM      .         .        1.000 -2.500E-4
12/1/2006.AA       .        1.000     1.000      EPS
12/1/2006.MO       .        1.000     1.000     0.002
12/1/2006.AXP      .         .        1.000      EPS
12/1/2006.AIG      .         .        1.000      EPS
12/1/2006.T        .        1.000     1.000     0.003
12/1/2006.BA       .        1.000     1.000     0.003
12/1/2006.CAT      .         .        1.000    -0.003
12/1/2006.C        .        1.000     1.000      EPS
12/1/2006.DD       .         .        1.000 -6.860E-4
9/1/2006 .MMM      .         .        1.000 -6.120E-4
9/1/2006 .AA       .         .        1.000 -2.260E-4
9/1/2006 .MO       .        1.000     1.000     0.002
9/1/2006 .AXP      .         .        1.000 -1.400E-4
9/1/2006 .AIG      .        1.000     1.000 4.4700E-4
9/1/2006 .T        .        1.000     1.000     0.002
9/1/2006 .BA       .        1.000     1.000     0.004
9/1/2006 .CAT      .         .        1.000    -0.004
9/1/2006 .C        .        1.000     1.000 5.8600E-4
9/1/2006 .DD       .         .        1.000    -0.002
6/1/2006 .MMM      .         .        1.000 -3.980E-4
6/1/2006 .AA       .         .        1.000 -5.660E-4
6/1/2006 .MO       .        1.000     1.000     0.003
6/1/2006 .AXP      .        1.000     1.000 1.4700E-4
6/1/2006 .AIG      .         .        1.000 -3.620E-4
6/1/2006 .T        .        1.000     1.000 4.9460E-4
6/1/2006 .BA       .        1.000     1.000     0.004
6/1/2006 .CAT      .         .        1.000    -0.002
6/1/2006 .C        .        1.000     1.000 5.4680E-4
6/1/2006 .DD       .         .        1.000    -0.001
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---- VAR averageSTD
             LOWER     LEVEL     UPPER    MARGINAL

6/1/2007       .        5.481     +INF       .
3/1/2007       .        5.384     +INF       .
12/1/2006      .        5.574     +INF       .
9/1/2006       .        5.459     +INF       .
6/1/2006       .        5.573     +INF       .

                       LOWER     LEVEL     UPPER    MARGINAL

---- VAR slope          -INF      0.048     +INF       .
---- VAR rotationp~     -INF      0.246     +INF       .
---- VAR averagepr~     -INF      0.159     +INF       .


**** REPORT SUMMARY :        0     NONOPT
                             0 INFEASIBLE
                             0  UNBOUNDED 
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Starting Sept '01
Rotation	37138	37228	37316	37410	37502	37592	37683	37774	37866	37956	38047	38139	38231	38322	38412	38504	38596	38687	38777	38869	38961	39052	39142	39234	10000	11274.66963756004	10133.825584554001	8342.2352224827046	8885.0314198171509	9179.4861991790694	9192.8869089588934	9737.7903456864751	11146.64558935147	11282.325580725101	10792.739896635892	10386.675137538667	11142.481015184729	11137.970100854442	10933.325750685161	11445.919275718486	11300.511973472048	12028.020254391922	11859.24899491523	12723.528193475395	13897.230420483702	13964.053911126231	15076.481814221193	15327.993767315251	Dow Jones	37138	37228	37316	37410	37502	37592	37683	37774	37866	37956	38047	38139	38231	38322	38412	38504	38596	38687	38777	38869	38961	39052	39142	39234	10000	10418.293008334053	9158.1409833438411	7207.7593285355497	8065.2076703413786	7534.4569846146733	8948.1792177861626	8948.8707247861294	10175.173698015236	10171.308019065467	10100.376655304241	9759.4827751608736	10364.344523890197	10090.64458427299	9797.7348711609011	9793.8607823514849	9896.2099886898231	10329.23305623988	10400.207999070881	11062.191278073251	11732.76833715559	11653.876743278153	12576.865586562923	12904.419129619999	Dates
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1. Introduction

This paper presents fast methods for computing the set of
“mean-variance efficient” portfolios for an investor who can
sell securities short as well as buy them long, provided
that certain conditions are satisfied. One might think that
ever-faster computers obviate the need for such fast algo-
rithms. However, analyses with large numbers of securities,
users waiting for answers in real time, Monte Carlo simula-
tion runs that require many reoptimizations, and simulation
experiments requiring many simulation runs, make speedy
computation of efficient frontiers still prized. (Parkinson’s
Law continues to outpace Moore’s law.)

A feasible portfolio is one that meets specified con-
straints. A mean-variance efficient portfolio is one that pro-
vides minimum variance among feasible portfolios with a
given (or greater) expected return, and maximum expected
return for given (or less) variance. The expected return and
variance provided by an efficient portfolio is called an effi-
cient mean-variance (EV) combination. The set of all effi-
cient EV combinations is called the efficient frontier.

The critical line algorithm (CLA) traces out a piecewise
linear set of efficient portfolios that provide the efficient
frontier, subject to any system of linear equality or weak
inequality constraints. In general, the inputs to the CLA are
constraint parameters, the means and variances of securi-
ties, and the covariances between pairs of securities.
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The CLA is especially fast if the covariances between
securities are described by a “factor model.”” A factor
model assumes that the return on a security depends lin-
early on the movement of one or more factors common
to many securities (e.g., a general market factor, industry
factors, a flight-to-quality factor) plus the security’s inde-
pendent “idiosyncratic” term. The use of a factor model not
only accelerates computation, it also reduces input require-
ments. Furthermore, factor model inputs (including regres-
sion coefficients of security returns against factors, and
variances of underlying factors) are more easily understood,
and more easily adjusted to reflect changing conditions,
than are the coefficients of a full covariance matrix.

In fast efficient-set algorithms using factor models, “fic-
titious securities” are introduced into the model, one for
each common factor (see Sharpe 1963, Cohen and Pogue
1967). The “amount invested” in each fictitious security is
constrained to be a linear combination of the investments
in the real securities. With the model thus augmented, the
covariance matrix becomes diagonal, or nearly so, and the
equations for the pieces of the efficient set become much
easier to solve.

Scenario models provide an alternative to factor mod-
els for describing the relationships among security returns.
A scenario model enumerates different scenarios that can
occur in the future and estimates the mean and variance of
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each security’s return under each scenario. Fast efficient-
set algorithms using scenario models are similar to those
using factor models. Fast algorithms (albeit not quite as
fast) also exist that combine factor and scenario models of
covariance.

Fast computational methods are also available for covari-
ances computed from historical returns with many more
securities than observations. Applicable cases encountered
in practice include ones with thousands of securities, but
only dozens of months or hundreds of days worth of
observations.

This paper presents fast algorithms for tracing out effi-
cient sets when factor, scenario, or certain historical mod-
els are assumed, and when the investor is allowed to short
securities.

Some capital asset pricing models (CAPMs) assume, in
effect, that one can sell a security short without limit and
use the proceeds to buy securities long. This is a math-
ematically convenient assumption for hypothetical models
of the economy, but it is unrealistic. Actual constraints
on long-short portfolios change over time and, at a given
instant, vary from broker to broker and from client to
client. Thus, the portfolio analyst charged with generating
an efficient frontier for a particular investor must model the
specific constraints to which that investor’s choice is sub-
ject, including constraints the investor itself imposes as a
matter of policy. To our knowledge all such constraints—
whether imposed by regulators, brokers, or self-imposed—
are expressible as linear equalities or weak inequalities and
therefore can be incorporated into the general portfolio
selection model. Later, we will give examples of current
real-world constraints, but our results are not restricted to
some particular constraint set.

A portfolio optimization with n securities, which can be
bought long or sold short, may be set up as a model with
n variables representing long positions and another n vari-
ables representing short positions. The types of constraints
noted in the preceding paragraph are easily expressed in
terms of the 2n variables. However, even if a factor or
scenario model holds for the n securities held long, it
does not hold for the 2n-variable model representing short
and long positions. Specifically, the 2n-variable long-short
model violates the assumption that the idiosyncratic terms
are uncorrelated. Nevertheless, under certain assumptions,
if the requisite information (e.g., regression coefficients and
idiosyncratic variances for the factor model for the 2n vari-
ables) is fed into the appropriate factor or scenario program,
a correct efficient frontier results.

The principal result of this paper is a sufficient condition
that assures that an existing (originally long-only) factor
or scenario code will compute the correct answer to the
long-short problem. We refer to this condition as “Prop-
erty P Property P does not hold in general for an arbi-
trary long-short portfolio selection model, but it appears to
be widely satisfied in practice. When a factor or scenario
model of covariance is assumed and Property P is satisfied,

a fast algorithm for the long-short model is readily at
hand. No new programming is needed. The long-only pro-
gram produces the correct answer to the 2n-variable long-
short problem, despite the “error” in assumption. Also,
the fast algorithm for historical covariance matrices (when
the number of securities greatly exceeds the number of
observations) produces correct answers to the 2n-variable
long-short problem, whether or not Property P holds.

The results reported in this paper generalize a result
due to Alexander (1993) and Kwan (1995). Their results
apply to the Elton et al. (1976) algorithm. The Elton et al.
algorithm assumes only one constraint equation—namely,
a budget constraint—and makes special assumptions about
the factor structure of a factor model.

Section 2 defines the “general” mean-variance prob-
lem. Section 3 summarizes its solution by CLA. Section 4
describes how the covariance matrix can be (almost) diag-
onalized if a factor, scenario, or historical model of covari-
ance is used. Section 5 outlines short sales in the real world.
Section 6 presents notation for portfolio optimization with
short sales and a diagonizable model of covariance. Sec-
tion 7 derives fast methods for solving the latter problem.
Section 8 illustrates the results. Section 9 summarizes.

2. The General Mean-Variance Problem

Suppose that the return R, on the portfolio over some forth-
coming period is a weighted sum of the n security returns
R=[r,ry..., 1],

R,=RX, (1)

where the weights X = [X,,...,X,] are chosen by the
investor. Assuming that the r; are random variables with
finite means and variances,

Ep= ZMiXi =u'X, (2

i=1

n n
V=) > 0,X,X;=XCX, (3)
i=1 j=1
where E, and V, are the expected return and variance of
the portfolio, w = [, ..., u,] are the expected returns on
the n securities, gy is the covariance between r; and Fis and
C is the covariance matrix (o;;). Markowitz (1959) assumes
that X is chosen subject to the following constraints:

AX = b, 4)
X>0, %)

where A is an m X n constraint matrix and b an m compo-
nent “right-hand side” vector.

As in linear programming, constraints (4) and (5) can
represent weak linear inequalities (> or <) by use of slack
variables. For example,

Zainj <b (6)
J
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is written as

Ya,X;+X,=b, X,>0. ™)
J

Also, a variable X; not required to be nonnegative is han-
dled in (4) and (5) by substituting for it

X, =X;,,— X

i ip in? Xip 2 0’ Xin 2 0’ (8)
where X;, and X;, are the positive and negative parts of X;.
It is not required that the covariance matrix C in (3)
be nonsingular. This is essential, because X may include
risk-free securities, slack variables, and pairs of securities
representing short and long positions. Also, sometimes C
is estimated from historical returns with less periods than
there are securities. Any of these circumstances will result
in det(C) = 0. In addition, it is desirable for the computa-
tional procedure not to fail if A in (4) is not of full rank.

A portfolio X is said to be feasible if it satisfies con-
straints (4) and (5). A pair of real numbers (Ep, V,) is said
to be a feasible EV combination if E, and V, satisfy (2)
and (3) for some feasible portfolio X. A feasible (E,, Vp)
pair is inefficient if some other feasible pair (E}, V;) domi-
nates it; that is, has higher expected return, E} > Ep, but no
higher variance, V3 < Vp; or, has lower variance, V5 <V,
but no lower expected return, E > E,. If (Ep, V,) is not
thus dominated, it is called an efficient EV combination.
A feasible portfolio X is efficient or inefficient according
to whether its (Ep, Vp) is efficient or inefficient.

The general (single-period) mean-variance portfolio
selection problem is to find all efficient EV combinations,
and feasible portfolios that yield these, for all possible
A, b, u, and C in (2), (3), (4), and (5). Problems with weak
linear inequalities and variables not required to be nonneg-
ative can be converted into this form.

3. Solution to the General Problem

It is possible that, for a given A and b, the model is infea-
sible, that is, no portfolio X satisfies (4) and (5). It is also
possible for a model to be feasible and yet have no mean-
variance efficient portfolios. In this case, if X is feasible
with minimum V, and with expected return E, there is
another feasible portfolio X* with the same V and with
E* > E. This can occur if C is singular and the constraint
set unbounded. Below, we assume that the model is feasible
and has efficient portfolios.

Next, we summarize (without proof) certain properties
and formulas of efficient sets.? The set of efficient EV com-
binations is piecewise parabolic. In general, there may be
more than one efficient portfolio X for a given efficient
EV combination. When the set of efficient portfolios is
unique—with only one feasible portfolio X for any given
efficient EV combination—the set of efficient portfolios is
piecewise linear. The formula for an efficient segment (of
the piecewise linear efficient set) is given below. When the

set of efficient portfolios is not unique there is nevertheless
a “complete, nonredundant” set of efficient portfolios that
satisfy the equations below. By “complete, nonredundant”
we mean a set of efficient portfolios with one and only
one X for each efficient EV combination. The CLA pro-
vides such a complete, nonredundant set of efficient portfo-
lios whether or not the set of efficient portfolios is unique.
The Lagrangian expression for the general model is

L=V/24+Y A\ <Zaijj> —Ap > miX;. )
i=1

k=1 j=1
Let
oL X
n=oo =10 A pll A, (10)
—Ap
where A =[A,, ..., A,,]'. For the moment, to develop a def-

inition, arbitrarily select a nonempty subset of {1,2, ..., n}
and designate this subset as the IN variables, and its com-
plement as the OUT variables. Let

M:[S g} (11)

and let My be the M matrix with the rows and columns
that correspond to OUT variables deleted. Similarly, let wy
and Xy be the w and X vectors with OUT components
deleted, and O,y be a zero vector of the same size as .
If M,y is nonsingular, we say that the arbitrarily chosen IN
set has an associated critical line satisfying

X;=0 forieOUT (12)

and

XN O N
MIN[A}[Z)HO}AE. 13

Multiplying through by My solves (13) for X,y and A as
linear functions of Ag:

| A 14
A = a + BinAg- (14)

If we substitute (14) into (10), we find that the n vector is
also a linear function of Aj:

M= YN+ OnAg. (15)
Conditions (13) imply
n;,=0 forielN. (16)

In light of (12) and (16), if a point on the critical line also
satisfies

X; 20 forielN, (17)
1, 20 for i e OUT, (18)
A >0, (19)
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then the point is efficient, by the Kuhn-Tucker theorem. If
any point on the critical line is efficient, then there will be
an interval of that line (possibly open-ended) all of whose
points are efficient. We refer to such an interval as an effi-
cient segment.

Because there are 2" — 1 nonnull subsets of {1,...,n},
it is impractical to enumerate them all, determine which
have nonsingular My, among these determine which con-
tain efficient segments, then piece these together to form
a complete, nonredundant set of efficient portfolios. The
CLA produces such a set without searching among irrele-
vant IN sets.

The CLA proceeds as follows.* It traces out the efficient
set from high to low A,. At a typical step, we have in hand
a critical line with an efficient segment, and with IN-set
IN,; we also have in hand the corresponding My and M.
We can then solve for apy, B, Yin» and 6y, from which
it is easy to determine which occurs first as A is reduced:

an X; | 0 foriIN, (20)
an 7, 0 fori OUT, (21)
or Az | 0. (22)

In case A | O first, we have reached the efficient portfolio
with minimum feasible V, and the algorithm stops.*

If X; | O first, then i moves from IN to OUT on the
next (“adjacent”) efficient segment. It is shown that 7, will
increase on this next segment. On the other hand, if n, | 0
first, then { moves from OUT to IN in the new IN set,
IN,,,, and X; will increase on the new segment.’ If the
algorithm has not stopped, because A | O has not been
reached, the new M matrix, My, is nonsingular. It is
obtained from the old by adding or deleting one column
and the corresponding row. This allows us to update M ™!
relatively inexpensively, and use it to solve for «, B, 7, 6,
etc., as before. The algorithm ends, with Az | O, in a finite
number of iterations.®

4. Diagonizable Models of Covariance

Factor Models. In the introduction, we referred to
“fast algorithms” based on certain models of covariance.
In this section, we summarize such algorithms for the fac-
tor and scenario models and for models with historical
covariance matrices when there are more securities than
observations. In problems with a large number of securi-
ties, computation time may differ by orders of magnitude
between using a dense covariance matrix and using the
diagonal or nearly diagonal covariance matrices permitted
by the aforementioned models of covariance.

For the present, we are concerned with portfolios of long
positions, which we denote as

Xt =[X,....X,,....X,]"

14

589
We write its constraints as
Atxt =t (23)
x'>o0. (24)

The portfolio may include zero-variance ‘“securities” such
as cash or dummy variables. We assume that

V.>0 forie[l,v],
(25)
V.=0 forie(v+1,n].

If v=mn, then [v+ 1, n] is empty.

A factor model of covariance assumes that security
returns are related to each other because they are related to
common underlying factors. Specifically, it assumes that

K
ri=ai+ZBikfk+ui’ i=1""’n’ (26)
k=1

where K is the number of common factors, f, is the kth
common factor, and u; is an idiosyncratic term assumed
uncorrelated with f,, k=1,..., K, and all u; for i j. In
matrix notation,

R=a+BF+U, (27)
where o« = [a),...,a,], B =[By] is n x K, F =

[fir--es o], and U =[uy, ..., u,]. From (27) and (1), we
see that

Rp=a' X"+ FBX"+UX" (28)
Because F and U are uncorrelated, the above implies
V,=(X"YBQ,B'X"+(Xx")0,X", (29)
where O, and Q, are the covariance matrices of F and U,
respectively. By assumption, Q, is diagonal with ith diag-
onal term V (u;). Q is not necessarily diagonal.

Define K “fictitious” investments in terms of “real”
investments,

n+1
Xn+K
We let )(lA = [Xl, e Xn+K]/ and
A[LAXILA — b[LA (31)

be constraints (23) with (30) appended. We may write
(29) as

VP — (X[LA)/CILAX[LA’ (32)
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where

c* = @ 0 .
0 9
The original problem may be restated as finding

EV-efficient X'* subject to (31) and (24) with portfolio
variance defined as in (32). The M-matrix now is

CEA (Al,&)/
M"Y = [ } ) (33)
AMA 0

Because X; > 0 is not required for the fictitious securi-
ties, i € [n+ 1, n+ K], it is convenient to permit X; < O for
these variables (rather than separate them into positive and
negative parts as in (8)). Then, for i > n, X; is IN on all
critical lines. We refer to the portfolio selection model with
constraints (31) and covariance matrix (32) as the “diago-
nalized version” of the factor model. (Strictly speaking, we
mean “almost diagonalized” because Q, is not necessarily
diagonal.) It is assumed that all risky securities, i € [1, ],
have positive idiosyncratic risk:

V() >0, ie[l,v] (34)

Typically, v > n+ K — v; therefore M™* is quite sparse
and well structured. This is the basis for fast CLAs for fac-
tor models.” If Q; is known to be diagonal, the algorithm
can be further streamlined.

Scenario Models. A scenario model analyzed by
Markowitz and Perold (1981a, b) assumes that one of §
mutually exclusive scenarios will occur with probability P,,
s=1,...,S. If scenario s occurs, then the return on the ith
security is

Ty = Mg + Uy, (35)

where E(u;,) = cov(u;,u;) =0 for i # j. Let V, =
E(u2, | 5s). The expected return E of the portfolio is still
given by (2), provided that the u in (2) are computed as

follows:
s

lu’i = ZPSMiS' (36)
s=1

These u; can be computed in advance of the optimization
calculation. Let

Xops = in(/'l’is —p;) Vsel[l,S] (37)
i=1
This equals the expected value E, of the portfolio, given

that scenario s occurs, less portfolio grand mean E. The
variance of the portfolio is

N
Vp=E(Rp —Ep)*=> PE(R,—E,+E,—E)’
s=1

n+S

=YXV, (38)
i=1

where

Vn+s=PS’ szl,...,S.

Thus, V, can be expressed as a positively weighted sum
of squares in the n original variables and S new, fictitious
variables that are linearly related to the original variables
by (37).

Apart from notation (e.g., using S for K and (37)
for (30)), the scenario model is formally the same as the
factor model with Q, diagonal. That is, the meanings of
the coefficients are different but, with change of notation,
the portfolio selection problem with a scenario model of
covariance has an M' matrix as in (33), with diago-
nal Q,. We refer to the portfolio selection problem with
constraints (37) appended to the given constraints, and vari-
ance expressed as in (38), as the diagonalized version of
the scenario model (35).3

Historical Covariance Matrices. Consider the case in
which T historical periods (e.g., months or days) are used
to estimate covariances among n securities. Let

X =>_Xi(ry—m;), t=1,...,T, (39)
i=1

where r;, is the return on the ith security during period ¢,
and m; is the ith security’s historical average return:

1 T
mi:?gr”.

The m; do not necessarily equal the estimated expected
return w, in (2). Then, X, ,, is the difference between port-
folio return in the rth period and the portfolio’s average
return. Therefore, the historical variance of a portfolio is a
constant times

T
Vo= X1, (40)
t=1

This is a sum of squares in new, fictitious securities that are
linearly related to the old. Once again, the problem can be
expressed as a portfolio selection problem with M™* matrix
as in (33). In the present case, we have

0,=0. (41)

M is again sparse and well structured but, because
of (41), requires different handling than in the fast algo-
rithms for the factor and scenario models.’

We refer to the portfolio selection model with constraints
(39) appended and variance expressed as in (40) as the
diagonalized version of the historical covariance model. We
refer to the three models described in this section as “diag-
onalizable” models. For large problems, the above mod-
els afford a reduction in computation requirements roughly
proportional to the reduction in the number of nonzero
entries between M" and M™*.
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5. Short Sales in Practice

Capital asset pricing models (CAPMs) frequently assume
that the investor chooses a portfolio subject only to the
constraint

X =1, (42)
i=l

without constraint on the sign of X;. Negative X, are inter-
preted as short positions. In particular, (42) permits (x,
1—x,0,...,0) as feasible for all real x. For example, (42)
would permit an investor to deposit $1,000 with her broker,
short $1,000,000 of Stock A, and use the proceeds plus the
original deposit to purchase $1,001,000 of Stock B. This is
not how short positions work in fact.

No single constraint set applies to all long-short
investors. The portfolio analyst must model the specific
constraint set for the particular client. To illustrate what
this may involve, we outline a few real-world short-sale
constraints (see also Jacobs and Levy 2000).

To sell short for any customer, a broker must borrow the
stock to be sold, and actually sell it. The brokerage firm
may borrow the stock from itself, typically from customer
stock held “in street name” in margin accounts. Alter-
natively, the broker may borrow the stock from another
investor, typically a large institutional investor. Some inter-
mediary may facilitate the process of bringing together
demand and supply of stock-to-lend. Sometimes a lender
cannot be found for the desired stock. In this case, the
stock cannot be sold short. Furthermore, the lender retains
the right to call back the stock; if he does, and another
lender is not promptly available, the investor must cover
the short position (i.e., buy back the stock) and deliver it
to the lender.

The proceeds of a short sale are used as collateral for the
lender of the stock. In fact, if the stock is borrowed from
another investor, the broker must put up more than 100% of
the proceeds of the sale as collateral, usually about 105%.
(Note that this is required of the broker to protect the stock
lender, as opposed to the requirement on the short seller
discussed in the next paragraph.) The proceeds of the stock
sale are invested in “cash instruments” such as short-term
Treasury bills. The broker and the stock lender retain a por-
tion of the interest earned on the proceeds. A large institu-
tional investor that shorts stock typically receives a portion
of the interest (referred to as a “short rebate”). A small
retail customer who sells short typically receives no part of
the interest.

The short seller is subject to Regulation (Reg) T. Reg T
covers common stock, convertible bonds, and equity mutual
funds; securities such as U.S. Treasury bonds or bond funds
and municipal bonds or bond funds are exempt from Reg T.
Reg T requires that the sum of the long positions plus the
sum of the (absolute value of) short positions must not
exceed twice the equity in the account. If we normalize

so that “1” represents the equity in the account, then Reg T
requires

2n

S X, <H. 43)
i=1

where X, represents a long position for i € [1, n], a short
position for i € [n+ 1, 2n], and currently Reg T specifies
H =?2. This inequality, of course, can be converted to an
equality by introduction of a slack variable.

As a matter of policy, the broker or investor may set H
at a lower level. There may be additional constraints on the
choice of

’

X =[X,....X,]. (44)
For example, some securities are hard to borrow. The bro-
ker may therefore limit the amount of the short position or
not permit short positions in the particular security.

Constraint (43) with H = 2 is referred to as a “50%
margin requirement” on both short and long positions. In
practice, the nature of this margin requirement is different
for short and long positions. In the case of long positions,
the customer may borrow as much as 50% of the value of
the position from the broker. In the case of a short posi-
tion, the customer does not borrow money from the broker;
the margin requirement is a collateral requirement. Further-
more, the Reg T requirements are for “initial margin”—the
equity required in the account to establish initial positions.
It does not constrain the value of the positions maintained
after they are established. However, there are “maintenance
margin” requirements imposed by securities exchanges and
by brokers. Consequently, one motive of the investor in set-
ting her or his own H in (43) is to reduce the probability
of needing additional cash for maintenance margin.'”

Reg T can be circumvented in several ways. For exam-
ple, hedge funds often set up offshore accounts, which are
not subject to Reg T. Alternatively, a large hedge fund can
set up as a broker-dealer, with a “real” broker-dealer act-
ing as the “back office.” In this case, the hedge fund, as
broker-dealer, is subject to broker-dealer capital require-
ments rather than Reg T requirements. This permits much
more leverage than Reg T. In the extreme, the only con-
straint is what the broker imposes on the hedge fund’s
portfolio to assure that, in the case of unfavorable mar-
ket movements, the broker is secure. A hedge fund could
also circumvent Reg T by having a broker set up a pro-
prietary trading account of its own that is managed by the
fund. Gains and losses in the proprietary trading account
are transferred to the hedge fund via prearranged swap con-
tracts. The only constraint imposed by this arrangement is
the broker’s own capital requirements, plus whatever con-
straints the broker imposes.!!

Also lying outside Reg T are certain arrangements that
allow the investor to use noncash collateral, including exist-
ing long positions, to collateralize the shares borrowed to
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sell short, freeing up the proceeds from short sales to be
used for further purchases and short sales. In all these cases,
the broker-dealer imposes its own requirements for its own
security. The portfolio analyst must model the situation as
she or he finds it."

6. Modeling Short Sales

We assume that the choice of X" is subject to some system
of linear constraints in nonnegative variables

A[L§XIL§ — bIL§’ (45)
X" >0. (46)

Portfolio return is

n 2n 2n
RP:ZriXi+ Z (=r_ )X+, Z hi_, X (47)
i=1 i=n+1 i=n+1

The first term on the right of Equation (47) represents the
return contribution of the securities held long. The second
term represents the contribution of the securities sold short.
The third term represents the short rebate, where

<1, i=1,...,n. (48)

Usually, h; > 0, but this condition is sometimes violated for
hard to borrow stocks, and is not required for our results.'?
r. is the return on ‘“cash” or “collateral.” Cash is also a
risk-free security that can be held long, i.e., c € [v+ 1, n].
In particular, we assume that v < n.'* Let

rl R[L
LS __ - _
R - N _[_Rm+hrc}’ (49)
F2n
L
17
pt® =B(R") = [—w o ] : (50)

The expected return and variance of the long-short portfo-
lio are

E—= (Ml§)/Xl§, (51)
VP — (XES)/C[LSXB, (52)
where

ct —ct
cte = [_CE - } (53)

and where C' is the long-only covariance matrix.
If we assume a multifactor model with returns r; given
by (26) and (27), then (49) implies

L 8 A P A Y P

where 0, is an n-vector of zeros. Hence, the covariance
matrix of R™S is

R CLEECI

Thus, if we define

(XU =[x, (X°), (XM, (56)
where
X" = [X2n+l7 R X2n+K]/

are portfolio betas, then X'S* is chosen subject to con-
straints (46) and

ALSA YLSA _ pLSA (57)
The latter are constraints (45) with
X" =B, -B]X"®

appended.
Define the vector

/ X”‘
o= [—BB} [xg] =BX"-BX" (58)

The kth entries of the vectors B’X" and B'X® are the con-
tributions of the long and short portions of the portfolio,
respectively, to the kth “fictitious security.” Thus, & is a vec-
tor of the differences between the contributions of the long
and short portions of the portfolio. Using Equations (55),
(58), and definitions, we obtain portfolio variance as

I

Xt — Xt
o 2[4 SIE) o

Recalling that Q, is diagonal, this can be written as

2n n
Vp=80,84+Y X V,—2Y X,X,..V. (60)

i=1 i=1

7. Solution to Long-Short Model

Equation (60) is the same as the diagonalized form (32) of
the diagonalizable models of §4 except for the inclusion of
the last sum of cross-product terms. Fortunately, for certain
models the sum of cross products can be ignored. For these
models, a portfolio optimizer that assumes that variance is

2n
Vi(X)=870,8+ Y X2V, (61)
i=1

instead of that given in Equation (60), will still produce a
correct mean-variance efficient frontier.





Jacobs et al.: Portfolio Optimization with Factors, Scenarios, and Realistic Short Positions

Operations Research 53(4), pp. 586-599, © 2005 INFORMS

593

Note that if
XX,.,=0, i=1,...,n (62)

holds (i.e., the investor is not long and short the same secu-
rity), then V, in (60) equals V}, in (61). We shall refer to a
portfolio that satisfies (62) as trim; otherwise it is untrim.
We will refer to the portfolio selection model with E, V,,
and constraints given by (51), (60), (57), and (46) as the
original model; and that with (60) replaced by (61) as
the modified model. In this section, we consider conditions
under which the efficient set for the modified model is an
efficient set for the original model.

Clearly, Vo(X) = V,(X) if V,=0 for all i €[1,2n], as
is the case for the diagonalized historical model. We will
denote this simple but useful result as a theorem.

THEOREM 1. An efficient set for the modified historical
model provides an efficient set for the original historical
model.

PrOOF. See the preceding paragraph. [

Theorem 1 makes no assumption concerning the con-
straint set or expected returns other than the background
assumptions that the model is feasible and has efficient
portfolios. The other diagonalizable models of §4 require a
further assumption to reach a similar conclusion. The fol-
lowing assumption is sufficient.

ProPERTY P. If in the original model X is a feasible port-
folio with X;X,.; > 0 for some specific 7, then there is a
feasible portfolio Y with

=X, — 01”
Yn+i = XrH—i - 01‘7 (63)
Y,=X;, j#in+i je[l,v]U[n+1,n+v]

for 6, = min{X,, X, ,;}. Also, Y has the same or greater
mean as X.

In other words, if X has a positive long and a positive
short position in the same security, it is feasible to subtract
the above 6, from both positions, keeping all other risky
securities unchanged, adjusting only zero-variance X;, with-
out reducing portfolio expected return. Note that Y;Y, ; = 0.

While Property P is not necessarily true, it does hold for
a wide variety of constraint sets met in practice. Suppose,
for example, that choice of a long-short portfolio is subject
to any or all of the following constraints: (A) a Reg T type
of constraint as in (43), perhaps with H > 2 for an investor
not subject to Reg T; (B) upper bounds on individual long
or short positions; (C) the requirement that the value of
long positions be close to the value of short positions—
specifically,

T2Y X, =Y X, =T (64)
i=1 i=1

for some given tolerance level 7;!° as well as the nonneg-

ativity requirement (46), and a budget constraint

2 Xi+X. —-X, <1, (65)

i=l

where X, is a cash balance and X, is an amount bor-
rowed. (Note that the sum in (65) is through v, i.e.,
it includes risky long positions only. Recall that, unlike
investors in CAPMs with (42) as their only constraint,
Reg T-constrained investors do not get to spend the pro-
ceeds from selling short, although they may share the
interest collected on these proceeds.) If X is any feasible
portfolio (i.e., meets each of the above constraints) with
X, X,,; >0, then Y with

=X, — 6:',
Yn+i =X, — 01"
Y. =X, +6, (66)

Y,=X; forje {[Ly]U[n+ 1, n+v]]\{i,n+i},
0; = min{X;, X, ;}

meets the constraints. When the constraints are written
as equalities, as in (7), then zero-variance slack variables
are adjusted to maintain the equalities. Also, from (47)
and (48),

Ey=Ex+0,(1—h)r.2Ey. (67)

Thus, a constraint set consisting of (46), (65), and some
or all of (A), (B), and (C) does satisfy Property P. Note
that Property P only requires Y to be feasible, not neces-
sarily efficient; thus we need not be concerned, in checking
Property P that, say, ¥ might be improved by reducing X,
rather than increasing X, in case X, > 0.

On the other hand, if there is an upper bound on the
holding of cash,
X <u,, (68)
then Property P may not be satisfied. If, for example, there
are no upper bounds on the other X, then

X, =1-u,
X, =1-u,

- (69)
X.=u,,

X; =0 otherwise

is feasible, but X; and X, , cannot be reduced by adjusting
zero-variance variables, including X, in (65), in the manner
required by Property P without violating (68).

THEOREM 2. If Property P holds in the original model, then
for each efficient (E, Vp) combination there is one and only
one trim portfolio Y with the same (E, V).
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(There may also be untrim efficient portfolios with this
(E,Vp).)

ProOF. Because (E, V,) is feasible, there is a portfolio X
that provides it. If X is untrim, successive transformations
(63) for each i in turn with X; X, ; > 0 yields a trim, feasi-
ble Y with the same or greater E than X and, from Equa-
tions (58) and (59), the same V,. If Y has greater E, then
X could not be efficient, whereas if Y has the same E as
X, then Y too is efficient. Thus, for any efficient (E, V,)
combination, there exists a trim feasible Y that provides it.

To show that Y is unique, let us suppose that another
trim feasible (therefore efficient) portfolio Z supplies
(E, Vp). Let

W=¢Y+(1-6)Z. (70)

If we show that V}, as a function of £ is strictly convex, then
(1/2)Y 4+ (1/2)Z is feasible (because the constraint set is
convex), has the same E (because E is linear), and less V,
than Y or Z, contradicting the assumption that ¥ and Z are
efficient. To see that V} is a strictly convex function of £,
first confirm that the first term on the right-hand side of
(60) is constant or a convex function of £ (because Q, is
positive semidefinite and & is linear in §). Next, note that
the last two terms of Equation (60) may be obtained by
substituting X, = X, — X,,, into Y., V,X?. As a function
of £, this is a sum of terms that are either constant (i.e.,
for those i with 17, = Zi, which implies Y; = Z; because Y
and Z are trim) or strictly convex. It follows that V, is a
strictly convex function of & provided Y #Z. O

From (60) and (61), we see that

Vi—V,=2Y X,X,..V.. (71)

i=1

Thus, V; =V, for trim portfolios, and V, > V, for untrim
ones.

THEOREM 3. If Property P holds in the original model, then
the modified model has the same set of efficient (E, Vp)
combinations as does the original model. Also, it has a
unique set of efficient portfolios (one for each efficient
(E, Vp) combination) that is the same as the unique set of
trim efficient portfolios in the original model.

Proor. First, we show that all efficient (E, V) combina-
tions in the original model, and all trim efficient portfolios
in the original model, are efficient (E, V,) combinations
and portfolios for the modified model. Then, we show that
no additional portfolios or (E, V) combinations are effi-
cient for the latter model. Because V, =V}, for trim portfo-
lios, and each efficient (E, V,) combination in the original
model can be supplied by a trim portfolio X, each efficient
(E, Vp) combination of the original model is feasible in
the modified model. It will also be efficient in the mod-
ified model unless some other feasible portfolio ¥ domi-
nates it in that model (i.e., has greater E for the same or

less V;, or less V, for the same or greater E). Because the
models have the same feasible sets and expected returns,
and because V,(Y) < Vi(Y), Vi(X) = Vp(X), if ¥ dom-
inated X in the modified model (e.g., with E(Y) > E(X)
and V,(Y) < V,(X)), then it would also dominate it in the
original model, contradicting the hypothesis that X is effi-
cient in the original model. Thus, all trim portfolios that are
efficient in the original model are efficient in the modified
model.

We now show that no other portfolios are efficient in
the modified model. If the constraint set is bounded, there-
fore compact as well as closed, then the efficient (E, V,)
combinations of the original model span a closed interval
[E, E] of expected returns, where E is the maximum fea-
sible expected return and E is the expected return of the
efficient portfolio with minimum V,. According to Theo-
rem 2, if X is a trim, efficient portfolio and Y is another
efficient portfolio with the same (E, V,), then Y is untrim.
Therefore, (71) implies V,(Y) > Vp(Y) = Vo(X). Thus, ¥
is not efficient in the modified model. This, plus the fact
that V, =V, for trim portfolios, and the uniqueness state-
ment in Theorem 2, implies that the efficient set for the
modified model is unique for E € [E, E]. Nor can the modi-
fied model have an efficient portfolio with E outside [E, E],
for then the modified model will either have a feasible port-
folio with greater E than E, which is impossible because
the two models have the same feasible sets and expected
returns, or have smaller V than the minimum feasible V in
the original model, which is impossible because V} > V.

If E is not bounded above, then the preceding argument
applies except that it is unnecessary to check for an efficient
portfolio in the modified model with E > E. O

Theorem 3 assures us that we can naively use a factor
or scenario portfolio optimizer, ignoring the negative cor-
relation between u; and u,,;, and get a correct answer to
the long-short portfolio selection problem when Property P
holds. This is not necessarily the case if Property P does not
hold. For example, consider any diagonalized model with
a Reg T constraint (with H = 2), a budget constraint (65),
and an upper bound (u, < 1.0) on cash. Assume that V, > 0
for all i € [1, v]. In the original model, consider the port-
folio with
X =X,,=1, X; =0 otherwise.

This portfolio is feasible and has zero variance. Thus,
zero variance is feasible; therefore, some portfolio (not
necessarily the above portfolio) has zero variance and is
efficient. However, the modified version of this model has
no feasible zero-variance portfolios: The upper bound on
cash implies that X; > 0 for some i € [1, v], which implies
Vi >0, because cov(r;, r;) =0 for risky securities in the
modified model. Thus, absent some assumption such as
Property P, it is possible that an efficient set for the mod-
ified model may not be an efficient set for the original
model.
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8. Example

Tables 1 through 8 illustrate the content and purpose of
the theorems of the preceding section. We consider a three-
security, one-factor model subject only to Reg T, the budget
constraint, and nonnegativity constraints. In this case, (26)
may be written as
r=a,4+Bif +u;, i=1,2,3. (72)
Table 1 presents inputs to such a model for three hypo-
thetical securities. In all the tables, long positions in the
three securities are labeled 1L, 2L, and 3L. Table 1 shows
for each of these long positions, the expected return pu;,
beta 3;, idiosyncratic variance V, = var(u;), and rebate frac-
tion h;. The latter is needed to compute the expected return
of the corresponding short position. Table 1 also shows the
lending rate, the borrowing rate, and the variance of the
underlying factor f.

The betas of the securities, their idiosyncratic variances,
and the variance of the underlying factor could be used to
compute the covariances among the long positions accord-
ing to the formulas

Cov(rl’r])zﬁlﬁjv(f)’ Z#J’ (733.)
V() =BV +V(w), i=123. (73b)

The result of this calculation for the present example is
shown in Table 2.

As Sharpe (1963) explains for a long-only portfolio anal-
ysis, the covariance matrix for a one-factor model can be
transformed into a sum of squares by introducing a new
variable constrained to be the portfolio beta, as in (30).
Table 3 contains the covariance matrix for this four-security
version of the three-security single-factor model. The algo-
rithm presented in Sharpe (1963) takes advantage of the
fact that the covariance matrix is diagonal, with nonzero
entries on the diagonal, rather than a dense arbitrary covari-
ance matrix (i.e., an arbitrary positive, semidefinite matrix)

Table 1. Illustrative three-security one-factor model.
Expected Idiosyncratic Rebate
Security return Beta variance fraction
i (i) B(i) V(i) h(i)
IL 0.10 0.80 0.0768 0.5
2L 0.12 1.00 0.1200 0.5
3L 0.16 1.25 0.1875 0.5
Lend 0.03 0.00 0.0000 NA
Borrow 0.05 0.00 0.0000 NA

Variance of factor 0.0400

Notes. This table shows inputs to a three-security, one-factor long-
short model. These consist of the expected return, beta against the
factor, and idiosyncratic variance of each long position. Also needed
are the rebate fraction of each security (for computing expected
returns of short positions), the rates at which the investor can borrow
and lend, and the variance of the underlying factor.
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Table 2. Covariances among long positions.
Security 1L 2L 3L
1L 0.1024 0.0320 0.0400
2L 0.0320 0.1600 0.0500
3L 0.0400 0.0500 0.2500

Notes. This table shows covariances among long posi-
tions, computed from their betas, idiosyncratic variances,
and the variance of the underlying factor.

as the general critical line algorithm permits. Sharpe’s diag-
onalized version of the n-security one-factor model is fre-
quently referred to as the diagonal model.

The advantage of thus diagonalizing the covariance
matrix increases with the number of securities in the port-
folio analysis. Column 2 of Table 4 presents the number of
input coefficients required by the diagonal model of covari-
ance: namely n betas, n idiosyncratic variances, and one
factor f variance. The third column of Table 4 presents
the number of unique covariances needed by a compu-
tation expecting an arbitrary covariance matrix, namely
n(n+1)/2. Specifically, with three securities there are
actually more coefficients in the diagonal model than in the
nondiagonalized version. With 5,000 securities, the diago-
nal model works with about 10,000 coefficients, whereas
the 5,000-by-5,000 covariance matrix of the general model
has over 12 million unique covariances (counting o;; = g
as one covariance). Both versions of the model also need
n expected returns.

Both versions of the model will go through the same
number of iterations and come out with the same efficient
frontier. The work per iteration depends on how many secu-
rities are IN as well as the total number of securities. For
moderate to large-size analyses, much less work is required
by the diagonal model per iteration.!®

Table 5 presents the expected returns, betas, and idiosyn-
cratic variances for both the long and short securities
corresponding to the long securities in Table 1. Short posi-
tions are labeled 1S, 2S, 3S. The expected returns for the
short positions are computed according to Equation (50).
The betas of the short position are the negative of those
for the long position, whereas the idiosyncratic variances
are the same for the short position as for the corresponding
long position.

Table 3. Covariances when dummy security is
included.

Security 1L 2L 3L PB

1L 0.0768 0 0 0

2L 0 0.1200 0 0

3L 0 0 0.1875 0

PB 0 0 0 0.0400

Notes. In a model with long positions only, the introduction of “port-
folio beta” as a fourth (dummy) “security” diagonalizes the covari-
ance matrix. An added equation is needed to constrain PB to equal
portfolio beta.
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Table 4. Number of unique coefficients required by Table 6. Covariances among long and short positions.
model of covariance. Security 1L oL 3L 1S 28 38
Number of With dummy Without dummy L 0.1024  0.0320  0.0400 —0.1024 —0.0320 —0.0400
securities security security

2L 0.0320 0.1600 0.0500 —0.0320 —0.1600 —0.0500

3 7 6 3L 0.0400 0.0500 0.2500 —0.0400 —0.0500 —0.2500

20 41 210 1S —0.1024 —0.0320 —0.0400 0.1024  0.0320  0.0400

100 201 5,050 28 —0.0320 —0.1600 —0.0500 0.0320 0.1600  0.0500

500 1,001 125,250 3s ~0.0400 —0.0500 —0.2500 0.0400  0.0500  0.2500
1,000 2,001 500,500

3,000 6,001 4,501,500 Notes. The table shows covariances among short and long posi-

5,000 10,001 12,502,500 tions. These entries are of the same magnitude as the long-only

Notes. This table shows the number of coefficients needed to
characterize the covariance structure when the dummy variable of
Table 3 is or is not added to the model. Since cov(i, j) = cov(j, i)
these are counted only once.

The covariances among long and short positions, pre-
sented in Table 6, are derived from Table 2 using Equa-
tion (53). We could compute an efficient frontier for the
short-long model using the expected returns in Table 5, and
the covariance matrix in Table 6, using a general portfo-
lio analysis program that permits an arbitrary covariance
matrix. If we perform the Sharpe (1963) trick of expressing
return as a linear function of amount invested in the factor,
plus amounts invested in the idiosyncratic terms as in our
Equations (54) and (57), then the covariance matrix for the
long-short model is as presented in Table 7. Note that the
covariance matrix is no longer diagonalized because, for
example, the 1L idiosyncratic term has a —1.0 correlation
with 1S.

If we present the data in Table 5 to the Sharpe (1963)
algorithm, it will assume that the covariance matrix is in
fact diagonal, such as that in Table 8. Theorem 3 assures us

Table 5. Illustrative three-security one-factor model
with long (L) and short (S) positions.
Expected Idiosyncratic
Security return Beta variance
i (i) B(i) V(i)
1L 0.100 0.80 0.0768
2L 0.120 1.00 0.1200
3L 0.160 1.25 0.1875
1S —0.085 —0.80 0.0768
28 —0.105 —1.00 0.1200
3S —0.145 —1.25 0.1875
Lend 0.030 0.00 0.0000
Borrow 0.050 0.00 0.0000

Variance of factor 0.0400

Notes. The table shows properties of a three-security one-factor
long-short model, derived from Table 1. Here the expected returns
of the short positions are the negative of those of the correspond-
ing long positions, plus short rebate interest on the proceeds. The
betas of the short positions are the negative of the long positions;
the idiosyncratic variances are the same as those of the long posi-
tions. Not noted in the table is the fact that the covariances between
the idiosyncratic terms of nS and nL are not zero.

covariances in Table 2, with the same sign in case of long-long or
short-short covariances, and opposite sign in case of long-short or
short-long covariances.

that the efficient frontier computed assuming the diagonal
covariance matrix in Table 8 is the same as the efficient
frontier computed using the correct covariance matrix in
Table 7. It also assures us that, for any number of securi-
ties, we get the correct result if we ignore the correlations
among the idiosyncratic terms for a many-factor model,
scenario model, or a mixed factor and scenario model. It
further assures us that the efficient frontier is correctly com-
puted if additional constraints are imposed on the choice
of portfolio, provided that the constraint set satisfies Prop-
erty P. In particular, we may present the requisite parame-
ters to the Markowitz-Perold (1981a, b) algorithm for the
scenario model or mixed-scenario models, ignoring the cor-
relation between the short and long idiosyncratic terms, for
any system of constraints that satisfies Property P.

In the case of the n-security one-factor model, the advan-
tage of using the diagonal model (as permitted by The-
orem 3) rather than a general model is again given by
Table 4 and Endnote 13, except that now an n-security
long-short model has 2n “securities.” For example, if there
are 500 securities in the universe, then the diagonal model
will be told that there are 1,001 securities whose covari-
ance structure is described by 2,001 coefficients, whereas
the general model will require 500,500 unique (arbitrary,
as far as it knows) covariances.

9. Summary

CAPMs frequently assume, in effect, that an investor can
sell a security short without limit and invest the proceeds
of the short sale in some other stock. In fact, this is not the
case. This paper describes some actual short-sale arrange-
ments. However, short-sale requirements vary from time to
time, broker to broker, and investor to investor. Thus, the
portfolio analyst must model the sale requirements of the
specific client as she or he finds them.

The CLA traces out a piecewise linear set of efficient
portfolios subject to any finite system of linear equality
or inequality constraints, for any covariance matrix and
expected return vector. Because the covariance matrix is
arbitrary, the CLA can trace out efficient sets for long-short
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Table 7. Covariances when dummy security is included.

Security 1L 2L 3L 1S 28 3S PB
1L 0.0768 0 0 —0.0768 0 0 0

2L 0 0.1200 0 0 —0.1200 0 0

3L 0 0 0.1875 0 0 —0.1875 0

1S —0.0768 0 0 0.0768 0 0 0

28 0 —0.1200 0 0 0.1200 0 0

3S 0 0 —0.1875 0 0 0.1875 0

PB 0 0 0 0 0 0 0.0400

Notes. Above are the covariances among long, short, and the dummy security, PB, when portfolio
beta is introduced as a seventh dummy security. An equation is added to constrain PB to be portfolio
beta. Unlike the long-only case in Table 3, the covariance matrix is no longer diagonal.

portfolio selection problems provided that the constraints
on choice of portfolio are linear equalities or weak inequal-
ities. Examples of such constraints include a budget con-
straint, the Reg T “margin requirement constraint,” upper
bounds on long or short positions in individual or groups
of assets, or the requirement that the sum (or a weighted
sum) of long positions not differ “too much” from the sum
(or the weighted sum) of short positions.

While the CLA may be applied to an arbitrary covariance
matrix, it is especially fast for models in which covariances
are implied by a factor or scenario model. In this case,
an equivalent model can be written, including new “ficti-
tious” securities whose magnitudes are linearly related to
the magnitudes of the “real” securities, so that the covari-
ance matrix becomes diagonal or almost so. Special pro-
grams exist to exploit the resultant sparse, well-structured
efficient-set equations.

A portfolio selection problem in which securities can be
held short or long can be modeled as a 2n-security problem,
in which a first n represents long positions, and another n
short positions, and all 2n are required to have nonnega-
tive values. Even if long positions in n securities satisfy the
assumptions of the factor or scenario model, the 2n-variable
long-short model does not satisfy these same assump-
tions, because idiosyncratic terms are not uncorrelated.

Table 8.

Nevertheless, if the information for the 2n variables is
fed into a factor or scenario program, a correct answer is
computed—provided that a certain condition (“Property P”)
holds.

Property P essentially requires that if a portfolio with
short and long positions in the same stock is feasible, then
it is also feasible to reduce both positions, keeping the hold-
ings of all other risky stocks the same; and this reduction
in both the short and long positions in the same stock does
not decrease the expected return of the portfolio. When
this condition is met, then the 2n-variable version of the
long-short problem can be run on the appropriate factor or
scenario model program. The correct answer is produced
despite the violation of the assumption that the idiosyn-
cratic terms are uncorrelated.

A fast CLA also exists for the situation in which histor-
ical covariances are used, but there are many more securi-
ties than time periods. This algorithm produces the correct
answer when applied to the 2n-variable version of the long-
short problem, whether or not Property P holds.

The speed-up in computation that results from the use
of “diagonalized” versions of factor, scenario, or histori-
cal models is approximately equal to the ratio of nonzero
coefficients in the equations of the two models. For large
problems, this timesaving can be considerable.

Covariances based on Theorem 3.

Security 1L 2L 3L

1S 28 3S PB

1L 0.0768
2L
3L

1S
2S
3S

PB 0 0 0

SO OO

.0768

SO OO O

1200

coo ocoo
cooc coco
cocooc ocoo

0.1875

0 0 0.0400

o

Notes. If the data in Table 5 are presented to a standard factor model portfolio optimizer, the program
will assume that the model has the covariance structure in this table, with a diagonal covariance
matrix, rather than the correct one, that in Table 7. Theorem 3 assures us that the optimizer will
nevertheless compute the efficient frontier correctly. Theorem 3 further assures us that this is so for
a many-factor model, a scenario model, or a mixed factor-scenario model of covariance; and remains
true for any system of linear equality or (weak) inequality constraints that satisfy Property P.
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Endnotes

1. The results reported in this paper were first circulated in
a Jacobs Levy Equity Management working paper (Jacobs
et al. 2001).
2. For proofs and further details, see Markowitz (1959),
Appendix A, Perold (1984), Markowitz (1987), or
Markowitz and Todd (2000).
3. See Markowitz and Todd (2000), Chapter 8, for how to
get a first critical line.
4. If C is singular, there may be more than one portfolio
with minimum feasible V. Because the V-minimizing port-
folios may have different E's, they may not all be efficient,
but it is shown that the portfolio reached by the CLA when
Ag {0 is efficient as well as V-minimizing.
5. See Markowitz and Todd (2000), Chapter 9, for what to
do in case of ties.
6. Note that the CLA as presented in Markowitz (1956) is
an example of a linear complementary algorithm as defined
in Wolfe (1959).
7. See Sharpe (1963) in particular, and Markowitz and
Perold (1981b) in general, for details.
8. For models that combine both scenarios and factors, see
Markowitz and Perold (1981a, b).
9. For details, see Markowitz et al. (1992).
10. See Fortune (2000) for details on initial and main-
tenance margin requirements for long and short posi-
tions on exempt and nonexempt securities. Also see www.
federalreserve.gov/regulations, 12 CFR 220, Credit by Bro-
kers and Dealers (Regulation T). See Jacobs and Levy
(1993) on margin requirements and cash needed for
liquidity.

Equation (43) can also be written as

2n
305X, <1, (10.1)
i=1

reflecting a 50% margin on short and long positions. Actu-
ally, the Reg T initial short margin requirement is stated
as 150%—of which 100% out of the 150% is supplied
by the proceeds of the sale of the borrowed stock. Con-
straint (10.1) is a special case of

2n

YmX, <1, (10.2)
i=1

where m; here represents the net (after proceeds, where
applicable) margin requirement of the ith position. Con-
straint (10.2) is more general than (43) or (10.1) in that it
permits, in particular, (a) a net short margin requirement
that differs from the long margin requirement, and (b) secu-
rities that are exempt from Reg T requirements. We use
(43) in examples, but Theorems 1, 2, and 3 apply to any
system of constraints (4) and (5) with properties specified
in theorems.

11. Rule 15c3-1 of the Securities Exchange Act of 1934
governs capital requirements for broker-dealers, including

the provision that indebtedness cannot exceed 1,500% of
net capital (800% for 12 months after commencing business
as a broker or dealer).
12. Noncash collateral typically consists of letters of credit
or securities. It is usually 100% to 105% of the amount
borrowed. The gains and losses on the collateral belong
to the borrower, and the lender is generally paid a fee.
The collateral is marked to market and augmented by the
borrower if necessary.
13. Usually #; < 1. However, the case of h;, =1 is con-
ceivable, and is covered by our theorems. Large institu-
tional investors often perform mean-variance analysis at an
asset class level and then implement the asset class alloca-
tions using either index funds or using internal or external
fund managers. If, say, an internal market neutral fund bor-
rows shares from, say, an internal large-cap or small-cap
fund, the allocation of interest on the proceeds between
borrowing fund and lending fund is arbitrary. The institu-
tion’s policy might allocate all the interest to the borrowing
fund, because the institution’s policy might prohibit exter-
nal stock lending, so that the particular interest income
would not exist except for the internal market neutral fund’s
activities.

If no zero-variance variable is ever held short, we may
write (47) as

n n+v n+v
Rp=>"rXi+ > (—r_)X;+r. Y h_X,. (13.1)
i=1 i=n+1 i=n+1

Alternatively, we can leave it as is in (47) and assume that
(45) contains equations of the form

X, =0 (13.2)

for i € [v + 1, n]. Generally, if a security cannot be sold
short (e.g., because it cannot be borrowed), then this can
be represented either by including a constraint of the
form (13.2) or by omitting n + i from the analysis. The
latter approach is advisable in practice; the former is nota-
tionally convenient here.

14. Equation (47) does not include tax considerations,
and therefore would be applicable to tax-exempt organiza-
tions such as university endowments and corporate pension
plans.

15. Jacobs et al. (1998, 1999) address the conditions
under which optimal portfolios that are constrained to hold
roughly equal amounts in long and short positions are
equivalent to optimal portfolios without this constraint. In
practice, long-short portfolios are often managed in this
“market-neutral” fashion.

16. If n, securities are IN, then the Sharpe (1963) algo-
rithm requires a few more than 3n 4 7n;, multiplications
and divisions plus 3n 4 5n, additions, whereas the general
algorithm requires 2n,n+ 5n+2n? — n; multiplications and
divisions, and 2n;n + 3n + Zn% — 2n, additions. Thus, if
n = 1,000 and n, = 10, as at the high end of the frontier,
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or n, = 100 as might occur at the low end of the frontier,
then the diagonal model requires 3,070 or 3,700 multipli-
cations and divisions for the iteration, whereas the general
algorithm requires 25,190 or 269,900.
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SPRING 1993

n Haugen and Baker [1990], Haugen and Baker

[1991], and Paustian [1991}, Robert Haugen and

others introduce what they call the “Efficient

Index.” The Efficient Index (EI) is a portfolio
that is meant to be more mean-variance efficient than
the usual marketlike cap-weighted indexes.

The argument behind the EI (set forth in
Haugen and Baker [1990]) is that the market portfo-
lio will not be efficient because of taxes, restrictions
on short-selling, heterogeneous expectations, and
opportunity sets that differ across investors. The
authors assert that a minimum-variance portfolio
subject to constraints does not suffer from these
problems.

In an attempt to identify what will be the mini-
mum-variance portfolio, the authors form portfolios
with the minimum variance over the trailing twenty-
four months (subject to certain conditions). These
portfolios are then tracked for the next quarter, and
reformed. The resulting simulation has lower variance
and higher return than the Wilshire 5000 in the period
1972 to 1989. The authors suggest that portfolio effi-
ciency is responsible for this behavior.

This article explores several questions raised by
the EI:

What is the best way to predict efficiency?
How sensitive is EI backtesting to changes in
parameters?

e Are the EI results due to portfolio efficiency?
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To form an efficient frontier, it is necessary to
have expected returns and a covariance matrix for the
securities in the universe. These parameters are inputs
to the optimization process whose output is the effi-
cient frontier. There is only one portfolio on the fron-
tier that does not require direct forecasts of expected
returns: the minimum-variance portfolio. Thus in
forecasting what the minimum-variance portfolio will
be, we can concentrate only on the risk estimation
problem and avoid the messier problem of return fore-
casting. This makes the EI an interesting, and pure, test
of risk prediction.

THE OPTIMIZATION PROBLEM

There are at least two distinct versions of the
EI: one in Haugen and Baker [1991], and another in
Paustian [1991]. We use the latter version. In this defi-
nition, the EI is formed by finding, each quarter, the
portfolio that had the minimum variance over the
previous twenty-four months, holding the resulting
portfolio, and reforming (reoptimizing) it next quarter.
Four constraints are imposed on the beginning-of-
quarter optimizations:

® Stocks must be in the S&P 500 and must have
traded for the previous twenty-four months at the
time of optimization.

® Stocks are held long only; no stock can be more
than 5% of the portfolio; and no stock can be
more than three times its S&P weight.

® No industry can represent more than 20% of the
portfolio.

® Turnover is controlled to approximate 20% per year.!

Stated mathematically, let A, be a 24 X n matrix
whose rows are monthly centered return vectors for
the universe of stocks defined in the constraints. By
centered we mean that the column average is subtract-
ed off so that each column sum is 0. Note that n is
somewhat less than 500.

Let A=A,/v24. Then C = A'A(" denotes
transpose) is the n X n sample covariance matrix using
maximum likelihood estimates. Let p be the EI from
the previous quarter, as currently constituted; let u be
an n-vector of ones; and let m be the S&P 500. That
is, m is an n-vector with m'u = 1 giving the weights of
the stocks in the S&P 500. The weights add to one
only approximately because n £ 500; some stocks have
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been eliminated because they have less than twenty-
four months of history. Let k be the number of indus-
tries, and let L be the k X n matrix of industry
loadings. L has column sums equal to one.

A mathematical restatement of the construction
of the EI given above is:

minimize x'Cx

subject to
0 <x < min(3m,0.05), x'u = 1
Ix<02
sum lxi—pil <0.1 (1)

The last line is the turnover constraint. The
absolute values of the differences between the old
holdings and the solution holdings must sum to no
more than 10% a quarter, or 40% a year. Usually
“turnover” means the average of buy turnover and sell
turnover. Because the absolute value is the sum of the
buy turnover and the sell turnover, this captures the
turnover condition of 20% a year.?

If the number of stocks is larger than the
number of time periods — for example, if 500 stocks
are used and we go back twenty-four months — then
time savings are possible. Optimization (1) forms a
covariance matrix based on the last twenty-four
months of returns, and then minimizes portfolio vari-
ance based on that covariance matrix. But we can
directly minimize the variance of the time series of the
last twenty-four months of returns. The two methods
give the same answers, but the second method is far
more efficient computationally.

Mathematically, optimization (1) is modified to:

minimize y'y

subject to
y = Ax
0 < x £ min(3m,0.05), x'u = 1
Ix<0.2
sum lxi-pil <0.1 2)

In (2), the matrix A with 12,000 data items has
been added to the constraints, but the covariance
matrix C with 125,250 data items has been removed.
This reduces the number of data items handled by a
factor of ten and causes at least 2 commensurate
increase in speed.3
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VARIANCE PREDICTION METHODS

The optimizations (1) and (2) identify (subject
to the constraints given) the ex post minimum-vari-
ance portfolio. This portfolio is of interest because it
tells us how well we could have done if we had had
perfect foresight about the covariance matrix twenty-
four months ago. This is an interesting piece of infor-
mation: It gives an investor a benchmark, albeit an
unattainable one. With this information, portfolios
could be rated on percent of ex post efficiency. For
this purpose, the full covariance matrix is clearly best.

However, optimizations (1) and (2) do not
necessarily identify the ex ante minimum-variance
portfolio. If the idea of the EI is to form a portfolio
that can be bought by a real-world investor, then it is
the ex ante portfolios that are of interest. Since the EI
literature tracks the performance of the EI portfolios
after they are selected, it is clearly this application that
is intended. The ex ante investor must estimate the
future values of parameters.

One method of estimating future values of
parameters is to use the past sample values of these
parameters. There are many other methods, which we
can break into two broad groups: methods that are
endogenous to security and index returns, and methods
that are exogenous to those returns. .

Statistical techniques such as Bayesian methods,
principal component analysis, factor analysis, and
James/Stein estimation are endogenous: They take
only security and index returns as input, and produce
parameter estimates as output. Factor models such as
the BARR A model, and macroeconomic models such
as that of Chen, Roll, and Ross [1986] are exogenous:
They bring in additional data such as balance sheet
items or economywide statistics, in addition to security
returns, to produce parameter estimates.

The two versions of the EI both use the
“Markowitz model” or “full covariance model”: The
past sample covariance matrix is used to predict the
future covariance matrix. In Haugen and Baker [1990],
the authors discuss “index models” such as the endoge-
nous single-index (beta) model of Sharpe, and the
exogenous Chen, Roll, and Ross model. They state

While the relative predictive power of the
Markowitz and index models remains an open
question (and one that obviously depends on the
form of the specific index model tested), we shall
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provide evidence here that the predictive power of
the Markowitz model itself is quite high (Haugen
and Baker [1990, pp. 17-18]).

The relative predictive power issue was previ-
ously investigated, although in somewhat different
form, by Elton and Gruber starting in 1973 (summa-
rized in Elton and Gruber [1991]). They looked at
various methods of estimating future correlations,
including:

® Historical correlation matrix: This is essentially
what Haugen calls the Markowitz model; it uses
the correlation between each pair of stocks to esti-
mate the future correlation of that pair of stocks.

e Overall mean model: Every pair of stocks is esti-
mated to have exactly the same correlation, name-
ly, the average correlation between all pairs of
stocks.

® Single-index model: The estimate of the correla-
tion between a pair of stocks is based only on the
beta of each of the stocks.

e Traditional mean model: The estimate of the
correlation of a pair of stocks is based only on
their industries. For example, the average correla-
tion between airline stocks and oil stocks is
computed. This correlation is taken as the estimate
for every (oil, airline) pair of stocks.

Elton and Gruber looked at the mean absolute
deviation between predicted and actual correlations.
For example, with 100 stocks there are 4,950 correla-
tions between pairs of stocks. They looked at the
4,950 absolute values of differences between the
predicted correlation and the actual correlation in the
period after the prediction. They found that the over-
all mean model was as good as or better than all the
other methods at predicting correlations. Use of the
exogenous (industry) information in the traditional
mean model provides predictive ability not meaning-
fully different from that of the overall mean model.

This would appear to indicate that there is little
or no information in past correlations, little or no need
to deal with the bulk of the sample statistics, and little
benefit from bringing in exogenous (industry) infor-
mation. For 100 stocks, Elton and Gruber’s work
replaced 4,950 different numbers with a single average
number with no loss of predictive power. In fact, by
their measure there is a gain in predictive power from
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EXHIBIT 1
Covariance Matrix Estimation Methods

Method

Description Covariance Matrix

Markowitz (Full Covariance)

Overall Mean

Fundamental Beta with Correlations

Blume-Adjusted Historical Betas

Past 24-Month Sample Covariances C = A’'A
Sample Variances, Correlations =
Historical Average C=S§[-nI+1]S
Variances from BARRA Betas,

Correlations = Historical Average

C=v,b[(1-DI+1]b

Minimize 2/3 Average Historical

with Correlations
Historical Average

Historical Variances

without Correlations Standard Deviation

Blume-Adjusted Historical Betas
without Correlations

Fundamental Beta
without Correlations

throwing out the past correlations.

Unfortunately, the mean absolute deviation
measure used by Elton and Gruber does not directly
answer the question as to which method would best
predict the minimum-variance portfolio. We tested
this question directly.

PREDICTING MINIMUM-VARIANCE
PORTFOLIOS

We ran optimization (1) quarterly from Decem-
ber 31, 1975, to December 31, 1991, except that we
did not constrain turnover. We used a number of
different estimates of the covariance matrix C, as
described in Exhibit 1.*

The last three methods are effectively linear.
Given the nature of the constraints and of linear
programming, this means that the last three methods
are quite simple to implement. The industry
constraints are rarely hit. Linear programming will
therefore set almost all variables at the extremes, so
stocks will either not be held at all or will be held at a
percentage equal to three times their S&P 500
percentage.

Thus, for the last three (“without correlations”)
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Minimize Average BARRA Beta

Beta plus 1/3, Correlations =

C=v,@h+1)[(1-DI+1]h+1)/9

Minimize Average Historical

C=SJS

Minimize 2/3 Average
Historical Beta plus 1/3

C=v, Ch+1)Jh+1)/9

C=v,b]Jb

methods in Exhibit 1, we can get an answer very close
to the full optimization answer, as follows. Simply sort
the S&P 500 stocks by (say) historical variances, and
start choosing the lowest ones. Go up the list, adding
stocks to the portfolio at three times their S&P
weights. If on the way to 100%, an industry gets 20%
in it, skip over the subsequent stocks encountered in
that industry.

The key statistics are presented in Exhibit 2 and
graphed in Exhibit 3. There is little difference between
points that use average correlation and points that use
no correlation. In Exhibit 3, points generated by the
last six methods in Exhibits 1 and 2 are labeled by the
sort key.

From these results, we can see that all methods
of estimating the covariance matrix produce a lower
standard deviation, and a higher compound return,
than the S&P 500. But it is also clear that the
“Markowitz model” is not the best at estimating out-
of-sample risk. The lowest out-of-sample risk was
obtained simply by choosing the lowest fundamental
beta stocks and cap-weighting them.

Equally interesting is the higher return obtained
by using historical betas. The “Markowitz model” has
a return 138 basis points higher than the S&P 500.
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Using simple historical betas with no correlations
produces a return 300 basis points higher than the
“Markowitz model,” with identical risk. This dwarfs
the outperformance obtained by the “Markowitz
model.”

We can conclude from this that portfolio vari-
ance can be lowered with a variety of methods, and
that apparently cross-terms (at least in the form tested)
do not contain information helpful in choosing out of
sample low-variance portfolios. We also conclude that
superior backtested returns are available in the test
period in a number of ways. The best method of those
tested above is simply to choose low historical beta
stocks and cap-weight them.

SENSITIVITY TO CHANGES
IN PARAMETERS

To determine the portfolios giving the
“Markowitz” point in Exhibit 3, we performed opti-
mization (2) without the turnover constraint each
quarter from December 1975 to September 1991.
From that optimization, we found the unique set of
twenty-four monthly returns that gave the minimum
variance over the past twenty-four months.> The
annualized standard deviations of these twenty-four
returns are shown in Exhibit 4.

We then found a portfolio that had that unique
set of twenty-four past monthly returns, and tracked it
for the subsequent three months. The time series of
the resulting returns was used to extract the
“Markowitz” characteristics.

But in fact there are many portfolios with the
given set of twenty-four past monthly returns; there is

EXHIBIT 3

ACTUAL RETURNS, 7512-9112
20
1 ‘ Historical

Fundamental Beta

18 Beta Historical

Compound L 9 Variance

Return "Markowitz"
16 ¢
S&P 500

15 o
14

12 128 13 138 14 145 15 155 16
Stenderd Deviation
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EXHIBIT 2 )
Performance of Different Covariance Matrix Estimates

Annualized  Annualized
Compound Standard

Method Return Deviation
S&P 500 14.88 0.1583
Markowitz (Full Covariance) 16.26 0.1367
QOpverall Mean

(Historical Variances

with Correlations) 17.50 0.1327
Fundamental Beta

with Correlations 17.32 0.1267
Blume-Adjusted

Historical Betas

with Correlations 19.04 0.1370
Historical Variances

without Correlations 17.36 0.1330
Blume-Adjusted

Historical Betas

without Correlations 19.26 0.1368
Fundamental Beta

without Correlations 17.42 0.1257

no single answer to optimizations (1) and (2).° To
determine the range of results possible, we found each
quarter the portfolio with the desired set of twenty-
four past monthly returns but the lowest subsequent
quarter’s return, as well as the portfolio with the same
set of twenty-four past monthly returns but the highest
subsequent quarter’s return.

We can state this mathematically as follows:
each quarter, let Q be the subsequent quarter’s return
vector. For each of the sixty—four quarters in our study

EXHIBIT 4
ANNUALIZED STANDARD DEVIATIONS 1975-1991

0.18
o.18 A

0.14 X
0.12 1

]
/
0.1 PN A f‘l <
oon [N AT ST 7

0.08
0.04
0.02

O Hrr A

76 76 77 78 79 80 81 82 83 84 85 36 87 88 89 90 91
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EXHIBIT 5
Varying the Capitalization Multiple

EXHIBIT 6
Varying the Capitalization Multiple

Low High Low High
Subsequent Subsequent Subsequent Subsequent
Returns Returns (3A, 3B) Returns Returns
Multiple Return  Std. Dev. Return  Std. Dev.  Multiple Return  Std. Dev.  Return  Std. Dev.

3.00 15.48 13.67 17.06 13.67 3.00 15.48 13.67 17.06 13.67
3.05 15.50 13.66 17.06 13.66 3.05 12.59 13.65 20.16 13.67
3.10 15.52 13.64 17.10 13.63 3.10 10.86 13.65 22.12 13.68
3.20 15.56 13.61 17.11 13.60 3.20 8.40 13.69 25.08 13.69
3.50 15.52 13.58 17.15 13.58 3.50 3.70 13.67 31.01 13.72
4.00 15.75 13.59 17.36 13.57 4.00 -0.92 13.76 37.34 13.73

period, we performed the two linear optimizations:
minimize (maximize) Q'x

subject to
Yo = Ax
0 £ x £ min(3m,0.05), x'u = 1
Lx<0.2 (3A,B)
where A and L are the same as in (2).

Note we have kept the same twenty-four past
returns (in yg), the same individual bounds, the same
budget constraint, and the same industry bounds as
optimization (2). All we change is the subsequent
quarter’s return. This technique is analogous to using
the high and low of a stock’s daily prices to estimate
the stock’s volatility (Parkinson [1980]). Here, instead
of estimating a stock’s volatility, we are using the range
to estimate the volatility or reliability of backtested
results.

The sixteen-year annualized compound return
on the highest-subsequent-return portfolios is 17.06%;
that of the lowest-subsequent-return portfolios is
15.48%. Thus there is an annual ambiguity of 158 basis
points in “the” EI

We varied the capitalization multiple in opti-
mization (2) and the followup optimizations (3A) and
(3B) and replaced the parameter 3.00 in these opti-
mizations by 3.05, 3.10, 3.20, 3.50, and 4.00. This
produces the results shown in Exhibit 5.

The ambiguity is quite similar across all multi-
ples. The standard deviations decrease monotonically
as the multiple increases, which is to be expected,
because the capitalization constraint becomes less
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onerous as the multiple increases. The similar results
are due largely to the fact that the portfolios overlap in
proportion to the multiple.

For example, the low-subsequent-return port-
folio with multiple 3.10 is very close to 3.00/3.10 =
97%, identical to the low-subsequent-return portfolio
with multiple 3.00. This is an artifact of the optimiza-
tion process. Cap-weighting, no matter what the
multiple, will tend to produce similar portfolios under
the conditions used to generate Exhibit 5.7 '

We used another technique to find portfolios
that are similar in design characteristics to the EI but
not forced to overlap because of the technicalities of
the optimization process. We performed optimization
2 with a capitalization multiple of 3.00, but then
modified the multiple in the followup optimizations
(3A, 3B), replacing 3.00 with 3.05, 3.10, 3.20, 3.50,
and 4.00. Thus the past series of twenty-four returns
that we had to match was generated with a multiple
of 3.00, but we then relaxed that multiple to get
portfolios that were close in characteristics but not
identical.

The results are shown in Exhibit 6 and graphed
in Exhibits 7 and 8.8 Replacing the 3.00 with a factor
of 3.05 (a 1.7% relaxation of the parameter) leads to a
757-basis point a year spread in returns. By the time
the multiplier has been relaxed to 3.20 (less than a 10%
change) it is clear that there is little information in the
subsequent returns.

Exhibit 6 is also interesting for what does not
change. The standard deviations of the subsequent
portfolios are quite stable as the parameters change.
However, the actual standard deviations of these port-
folios, while lower than the S&P’ 15.83%, are far
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EXHIBIT 7
SUBSEQUENT RETURNS

PR 3.2 3.4 36 s 4

Capitalization Multiplier

greater than those predicted by the past, as shown in
Exhibit 4.

DISCUSSION

What are the implications of these results? It is
my contention that

e The Markowitz model used in defining the EI is
not the best way to predict low-variance portfolios.

¢ It is difficult to support the claim that the superior
returns attained in backtesting are due to portfolio
efficiency.

It is encouraging that the “Markowitz model”
or full-covariance model is able to identify portfolios

that will have lower-than-market variance. This indi-

cates that there is some information in past sample
statistics. Yet the amount of information in the full-
covariance matrix is clearly far less than the number
of data items in that matrix would indicate. A variety
of far simpler methods — some of them linear,
involving a factor of 500 fewer data items — do
better than the Markowitz model in predicting low-
variance portfolios.

In the period 1976-1991, portfolios selected for
minimum variance had higher returns than the market.
The outperformance of the “Markowitz model” over
the S&P 500 was 138 basis points per year. But the
ambiguity in the EI due to underspecification was 158
basis points per year in this period. Using a different
method of risk prediction (historical betas) produced
the same standard deviation and a 438-basis point per
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EXHIBIT 8
SUBSEQUENT STANDARD DEVIATIONS

0.1376
0.1374
0.1372

0.137
0.1388

0.1368

0.1564 +
s 32 3.4 se 38 .

Capitalization Multiplier

year outperformance. The EI’s outperformance is thus
dwarfed by ambiguity and by simple changes in the
way parameters are estimated.

In our tests we formed a number of different
portfolios that had the same past twenty-four months’
returns. But slight modifications of the capitalization
multiple (while holding the past returns constant)
allowed a huge range in subsequent returns. These results
speak not only to the EI’s sensitivity to changes in
parameters, but also to the questions of persistence and
stationarity. If we had discovered the characteristics of a
stationary process that generated those past twenty-four
months’ returns, we would not have been able to get the
range of out-of-sample results that we did.’

The EI is particularly prone to such problems
because of its underspecification. But one might argue
that relaxing the parameters as we did would find
“slack” in virtually all backtested results. This is proba-
bly true. This observation serves, though, as a further
warning against the efficacy of backtesting rather than
as a warning against modifying parameters.

Our data indicate that the gap between predic-
tion and outcome is very large. The “slack” in predict-
ing efficiency appears to be so large as to make it
impossible to state that efficiency is the reason for the
EI’s behavior.

ENDNOTES

The author thanks T. Daniel Coggin, Charles Trzcinka, and
reviewers Edwin Elton and Richard Roll for their helpful comments.
The conclusions, however, are his.

!Actually, turnover control is done in the EI as a penalty in
the objective function. That is, the objective function is redefined
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from the x'Cx used in optimization (1) to
XCx - M*Z | x; - pil.

The various versions of the EI do not specify how A is set. If A is
adjusted each quarter to make the sum equal 0.1, then this form is
equivalent to the form explained in endnote 2. Otherwise, the
turnover control rule is “more of a guideline than a rule.” The disad-
vantage of this method is that the general level of variance is notori-
ously unpredictable, so if A is not adjusted the relative importance of
turnover will vary wildly (see Exhibit 4, for example). It is difficult to
make the case that there is enough information in the predicted gener-
al level of variances to have it affect the turnover constraint.

2Piecewise linear constraints such as this turnover constraint
are actually effected by the introduction of artificial variables. In this
case, two variables w; and z; would be introduced for each x;, with w;
and z constrained to be positive. The condition x; - p; = w; - z is
introduced for each i, and then the constraint £ w; + z, < 0.1 is
imposed. Note that w; + z; 2 |xi - Pil; so this constraint has the
desired effect. Using this constraint introduces 2n new variables and n
+ 1 sparse conditions, which will put no great burden on most opti-
mizers.

3The EI optimizations are not computationally difficult. The
key time factor for an optimizer such as MINOS (Murtagh and Saun-
ders [1987]) is the number of varables involved in non-linearity. In
optimization (2), that number is 24, which is insignificant; on a 486
PC, MINOS would do optimization (2) in under two minutes.
Range-space methods (Gill et al. [1982]) are effective for the full
covariance case of optimization (1); on a 486 PC that optimization
would take about ten minutes. We did the optimizations for this article
on a Solbourne computer in about twenty seconds each.

*The notation is as follows. A is as described previously. S is
the diagonal matrix of historical standard deviations; S*S is the diagonal
of A'A. 1 is the identity matrix. u is an n-vector of all ones. J is the
matrix of all ones. If B is such that BS = A (B is the 24 X n matrix of
normalized returns), then R = B'B is the sample correlation matrix.
The average historical correlation r is formed by setting r = [(W'Ru)/n
- 1}/(n - 1). vy, is the historical variance of the market (S&P 500); v,
scales the objective function but has no effect on the solution. b is a
diagonal matrix with BARRA'’s estimated betas to the S&P 500 on the
diagonal. h is a diagonal matrix with historical sixty-month betas on
the diagonal.

Suppose there are two solutions x and z to optimization
(2), and that y, = Ax and y; = Az. Any linear combination ax + (1 -
a)z satisfies the individual bound constraints, the budget constraint, and
the industry constraints in optimization (2). Since x and z are both
solutions of optimization (2), we must have yo'yo = y;'y;. The objec-
tive function at the linear combination will be (ay, + (1 - a)y,)'(ay, +
(1 - a)y,). Using yo'yo = v;'y1, We can rewrite the objective function as
vo'vo - a(1 - a){yp - v1)'(Yo - y1). Thus if a is between 0 and 1, the
objective function must be strictly less than yg'y, unless yo = y;. But y,
is a solution of optimization (2), so it is not possible for the objective
function to be less than yg'yo. Thus yy = y;.

5The covariance matrix C is badly singular. It is of dimen-
sion (about) 500 and rank 24. The polytope in which the different
answers to the optimization lie is 2 476-dimensional figure. However,
the indeterminacy is mitigated by the constraints imposed in the opti-
mization: The three times market weight maximums on holdings
make the polytope smaller, although of high dimension. But the poly-
tope is not a single point.

Stocks will tend to be held “all or none” — that is, either
not held at all or held at the upper bound that has been set for them.
Since the upper bounds are proportional to capitalizations, that means
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that the percentage holdings of any pair of stocks in a portfolio will
tend to have the same ratio, no matter what the capitalization multiple.
The objective functions of optimizations 2 and (3A, 3B) will tend to
choose the lowest-variance stocks available. Thus, for example, the
low-subsequent-return portfolio chosen in September 1991 with
multiple 3.2 had 147 securities, while the similar portfolio with multi-
ple 3.0 had 155 securities. 146 of the 147 securities in the “3.2” port-
folio were in the “3.0” portfolio.

8No commissions were charged for any of the portfolios
simulated in this article. Returns data were developed from the CRSP
master tape. The membership of the S&P 500 through time was
obtained from Standard & Poor’s. Capitalizations were obtained from
CRSP and BARRA. We used BARRA industries; the L matrix was
55 by n. It appeared that Haugen effectively used about thirty indus-
tries, so we lowered the cap on industries to 15% from 20% to reflect
the greater number. The industry bounds were rarely hit. Raising the
bounds back to 20% would only intensify the results shown here
because the optimizations would be less constrained.

9Some alternative explanations of the process that may be
generating EI returns appear in Sharpe [1991] and Vangelisti {1992].
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2.157782 0.169761 0.009416 2.712273 0.006868 -0.03434 7.901575 0.169055 -0.00201 1.179524

2.115245 -0.03935 0.012767 2.974841 0.206847 -0.03314 8.428192 -0.11656 -0.00228 1.172661

2.800061 0.020809 0.017186 4.063434 -0.10886 -0.03737 9.597711 -0.0485 0.000845 1.181804

5.378481 -0.11305 0.021032 5.180736 -0.0287 -0.03246 8.662309 0.007156 -0.0036 4.474131

6.5347 -0.01812 0.022338 4.94061 0.143775 -0.0226 6.543909 -0.02606 -0.02997 10.17381

6.9735 0.024761 0.017711 4.695912 0.078077 -0.00817 5.304595 -0.30526 -0.04107 11.46093

6.703977 -0.0758 0.003705 5.061784 -0.08995 -0.00787 5.273188 0.074904 -0.0598 12.86414

5.766779 0.142118 -0.00868 4.976905 0.150624 -0.00806 5.397623 -0.04351 -0.06617 14.55287

5.838261 0.06991 -0.01868 5.098015 0.0548 -0.0062 4.985718 -0.08732 -0.06883 15.15766

6.571914 0.004389 -0.02916 5.568159 0.06709 -0.0078 5.83922 -0.164 -0.06393 14.03972

8.645213 0.441586 -0.04569 5.584776 0.525588 -0.0158 7.574675 0.10533 -0.05651 12.16933
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		39234		100		0.0037651102		5.0103949915		0.0782348197		0.0111429001		4.1527450106		-0.0347890452		0.005789043		6.3339018242		-0.0086968919		0.0061537587		3.737108857		-0.0295848316		0.0051143299		3.8738142646		-0.0339854348		0.0200429544		6.0801825273		0.0195180723		0.0142585275		10.3466009174		0.0918261231		0.0078515742		7.7373801763		0.001660281		0.0077515746		3.2675971482		-0.0900760382		0.0099465501		4.2668168353		-0.025177026		0.0132905185		8.5841125578		0.1034811636		0.0037726591		1.5222066363		0.0815047022		0.0073135496		5.1619659776		-0.0291005291		0.0182104925		5.9652037971		0.1158673241		0.012755709		6.0830343633		0.0566808813		-0.0077859785		2.6380064594		0.0893007582		0.0095270474		9.1165156705		0.119239905		0.0021074468		2.8157224213		0.0662122687		0.0156389824		5.5932951418		-0.0542827657		0.0160844725		6.2112110975		0.0730890465		0.0207956173		7.6065580853		0.0379518072		0.0062167864		2.2870985036		-0.0003393281		0.0044027478		1.754780995		-0.0445834963		0.0080965482		3.542782825		0.0986427069		-0.0037721673		2.4229907259		-0.1756035578		0.0061275287		3.4176351844		0.1495342376		0.011715347		6.176595009		0.1346397857		0.0096786389		3.315970468		0.0755404421		0.0012184035		1.6339008183		-0.0927042195		0.0159738672		4.0163589394		0.0073227885

		39142		99		0.0012001889		3.8503042417		0.1355488682		0.0075493138		2.7166431492		0.1955752212		0.0103880909		7.0424347193		-0.2012299283		0.0037540086		2.7059009255		0.084751773		0.0073021746		4.941039027		0.0418030348		0.0173426766		5.1507141583		0.0524980979		0.0139462965		9.3841920347		0.0815431335		-0.0071350271		11.537581284		0.1681336715		0.0064500093		2.9426405068		-0.0009738995		0.0048754937		3.5712596477		0.0285251871		0.0115994468		6.9556498644		0.1117296223		0.000651805		1.2118221249		0.0825791855		0.0031858043		4.9620783506		0.2336814621		0.0210544616		6.2001409375		0.1116093672		0.0091353433		3.4853814795		0.2218844985		-0.0166965158		2.969704244		0.2409827496		0.0077599886		7.0853759246		0.116592404		-0.0002282861		3.2202429245		0.0225688682		0.0153326923		5.4519772872		0.0014468789		0.014689765		5.0700483804		0.1267480577		0.0172796803		6.0514465871		0.1274620783		0.0048311259		2.0646196618		0.0574094008		0.0007088024		1.8512432172		0.0122723674		0.0046453804		2.2517557964		0.0897916667		-0.0027188706		2.5287984415		0.0710397387		0.0067611587		3.6697137866		-0.031190627		-0.0032913043		13.7912483211		0.0912307692		0.0048664236		2.323306887		0.0857067511		0.0002928184		1.6207162042		0.0247071353		0.0134225713		3.6420800515		-0.008422887

		39052		98		-0.001251067		4.7319815379		-0.0192480431		0.0031162076		2.4020042582		0.1296234588		0.0096053418		6.4330971647		0.023188068		0.0027135394		2.5689170095		-0.0703807483		0.0052568287		5.0860351575		-0.061959252		0.013698267		3.8799884207		0.1029370629		0.0153693009		10.293838033		0.0007879334		-0.0168291282		13.9713109777		0.0929398337		0.0041362891		2.5258776635		-0.0782764811		-0.0034269367		3.8475898488		0.0147813591		0.0092436837		6.3227496856		-0.0153986689		-0.0009319608		1.2448921727		-0.0497178178		-0.0048655457		5.2991642081		-0.0026041667		0.0209205485		6.2592383751		-0.0254916242		0.0066571522		2.777242109		0.0181255526		-0.0137376275		2.8759542525		-0.055308642		0.0009797489		6.4347081395		-0.0297478127		-0.0014967138		3.2447006684		-0.087246289		0.0130194437		4.84267157		0.0016563147		0.0104518483		3.9724933761		0.0162418227		0.0146048065		5.4446690954		0.0130733945		0.0030299368		1.8491125466		-0.0666443403		0.0008887024		1.8755101721		-0.0247104247		0.0033653526		1.9156070953		-0.0051813472		-0.0030900312		2.5123092616		-0.0851593625		0.0063039758		3.5157375996		-0.0172708884		-0.021522365		18.7966959352		0.0396673065		0.0006436511		1.9646081864		0.0182599356		-0.0028901086		2.2286766968		0.0166738848		0.007714061		2.8540862836		0.0046688065

		38961		97		-0.003063342		4.7675020044		0.0471647407		-0.0011342492		2.6721287923		0.070256776		0.0120621929		7.4422603387		0.121097322		-0.0006996217		1.8056890772		0.0818473609		0.0022350687		4.4456947909		0.0814971325		0.0079813855		2.4834614912		0.097972973		0.0176538281		10.4230308588		0.1266962587		-0.0178293247		14.8340163761		-0.0679331307		0.0029298588		1.9160080311		0.1214012482		-0.0078485162		3.8019394126		0.1370214753		0.0085912007		5.1154581729		0.1420268256		-0.0026079566		1.193730907		0.0541076487		-0.015163403		6.2087214109		-0.0763680096		0.0212612132		5.6912980709		0.1226492232		0.0064161794		2.4937460544		0.1061124694		-0.0113109002		2.8218849377		-0.0155566359		-0.0067459223		6.5896605304		0.185623627		-0.0020974545		3.1627189733		0.0166307361		0.0090979372		3.9907614099		0.0285349233		0.0069419623		2.4735671815		0.1331799591		0.0095954135		4.0173374042		0.0405727924		-0.0018965106		1.4764820606		0.091773309		-0.0028191881		2.0150271962		-0.08674189		0.0023854657		1.4744645307		0.0799015219		-0.0049660158		2.6368885032		0.1072511718		0.0049910209		2.9064971883		0.0369474024		-0.0323934663		21.3605697244		-0.0131018153		-0.0060549889		2.8050443369		0.002962564		-0.0055730985		2.8608580032		-0.0636658556		0.0040790233		2.1215833146		0.1087026852

		38869		96		-0.0019947678		4.4378911748		-0.0786182989		-0.0028324018		2.8480969683		-0.1334981459		0.0155906542		9.151404729		0.0424894457		0.0007346862		1.9742097575		0.0537391958		-0.0018075323		5.0913660755		0.1220999153		0.002472602		1.2921972496		0.1674435281		0.0179476414		10.8026150132		-0.0373580759		-0.0124202003		14.6000098211		-0.1165413534		0.0027336788		1.8940742356		0.0294300518		-0.0051554139		3.640369641		0.0298076923		0.0101337302		5.4746459087		0.0937245314		-0.0009913202		1.2237622407		0.0709951456		-0.030005838		7.4578237175		0.116482041		0.0230511638		5.3734370158		0.1581439394		0.0061788758		2.4576238967		0.0148883375		-0.0054727689		2.6130790046		0.0826315789		-0.006444823		6.4463144031		0.0666493101		-0.000459816		3.6682610252		0.0837783712		0.0044980331		2.975820402		0.1180952381		0.008240295		2.4694081539		0.1642857143		-0.0033148743		4.5593406075		0.1501509745		-0.0044286247		1.5481629483		0.1738197425		-0.0129425168		2.8479114837		0.2083510865		0.0005300871		1.4520804041		0.0385867039		0.0017097319		2.4739862512		0.0134115675		0.0040717079		2.4158902926		0.1147482014		-0.0368481346		22.1970880345		-0.0011037528		-0.0112585197		3.1538154659		0.1086891609		-0.0071068047		3.0559755849		0.0238737804		0.0048395652		2.2587414333		0.0303333333

		38777		95		-0.0072510871		5.1004566434		0.0671158674		-0.0074369736		2.7571792651		0.0589005236		0.0178596498		9.8194928051		0.0362686988		0.0018499152		2.1918713053		0.0127497621		-0.0044041393		5.7726263081		-0.1065214102		0.0011744276		1.1199233281		0.0314349112		0.0165514202		9.4657947139		0.0510714744		-0.0127201613		14.6027416276		0.0371814511		0.0005914627		1.6320631892		0.0215964429		-0.0038829661		3.6075102569		-0.0144515518		0.0132137193		6.6081484476		0.0080512652		0.002440308		1.6982620592		-0.0523289247		-0.0536655015		8.6409652805		0.4005641749		0.0186904982		4.8274347127		-0.0370820669		0.0045498165		2.1426080799		-0.0577507599		-0.0041677465		2.4937415867		-0.0236382323		-0.0052818153		6.2394281023		-0.0685097611		0.0037184852		4.2483019626		0.011820331		0.0006026814		2.177207359		0.0086455331		0.0100463127		2.8555665191		-0.0221187427		-0.0165137173		6.6796882114		0.0340618791		-0.000964639		1.1826437315		-0.1436971702		-0.0188999581		3.9662527262		-0.0581861958		-0.0055212303		3.2021170533		0.0274659661		0.0057215541		2.7594800694		-0.1539007092		-0.0133119073		14.7359539361		-0.0352247094		-0.038169143		21.9435656567		0.0940141452		-0.0094655212		3.0319649426		-0.0167351732		-0.0096072783		3.5955497604		0.0196867062		0.0033625891		1.9773448747		0.0756543564

		38687		94		-0.0049859748		4.7256441743		-0.0233548387		-0.0134879652		3.3707062596		0.0334798783		0.0152028442		9.3816908877		-0.0516595289		0.00193447		2.1969794811		0.0211815002		-0.0078481989		6.286352353		-0.0313645024		-0.0016398885		0.7792079544		0.1041241323		0.0181984748		9.3469836644		0.1094817768		-0.0132362969		14.443784356		0.2430327159		-0.0020785888		2.1891140008		-0.0267875541		-0.001007468		3.3637233511		-0.0068235294		0.0164047031		7.2654271646		0.0834965284		0.0045644111		1.8437878466		-0.007703281		-0.0573492142		8.4523828644		0.0952626159		0.0116833969		3.5512911512		0.1491442543		0.0027269332		1.4876257102		0.1481879195		-0.0037601031		2.606889284		-0.2203525641		-0.0071275785		6.9770364021		0.0032846715		0.0091106127		5.0746716892		-0.0146422629		-0.0044487167		2.1638441621		0.0491307634		0.0088494765		2.6184883002		0.0189798339		-0.0293775542		7.8806587559		0.1075133606		-0.0019637543		1.1919925317		0.0405353728		-0.0270644716		4.7700567971		0.0686106346		-0.0087241271		3.7881990674		0.0387000744		0.0059998496		2.7616991921		0.0449604743		-0.0332468976		20.7325644401		-0.0043192813		-0.0331021129		20.7974098861		0.0368449294		-0.009610832		2.9194425714		0.130810093		-0.0113344482		4.2037715123		0.0094017094		0.0021184089		1.8769007274		0.1635377555

		38596		93		-0.0044755464		4.7370656659		0.056434024		-0.0154299754		3.3382537959		0.2108927109		0.0126941657		8.3219290806		0.013702347		0.0055434783		2.9104025071		-0.1041086351		-0.0079111348		6.4592144607		0.1011943189		-0.0013954037		0.8746443377		0.0216937839		0.0188910644		9.3750672172		0.0337012509		-0.0004615726		12.0255103766		-0.0166808511		-0.0034534271		2.1525953328		0.0661247803		0.0020533683		3.4483875406		0.0850140414		0.0178546893		8.3509784205		-0.1159899276		0.0075272788		2.3506241848		0.040986041		-0.0275208443		6.960900416		-0.3655668082		0.0044389518		2.6619899661		-0.0195205479		0.006363942		2.2451028429		-0.0066666667		-0.0125305583		3.6805106569		0.0125760649		-0.0072566746		6.8927156992		0.0246821242		0.0123734403		6.0355035932		-0.0502528445		-0.0048073399		2.1577820067		0.1697612732		0.0094159191		2.712272698		0.0068677217		-0.0343446303		7.9015754139		0.1690554943		-0.0020084827		1.1795242839		0.0163233579		-0.0204779649		4.1643742462		-0.0660792952		-0.0082554335		3.8709632316		-0.0666821023		0.0057592166		2.6865170262		0.0613529103		-0.0428405651		23.1674635003		-0.0265724857		-0.0188168445		17.5739293023		0.0785108025		-0.001779164		2.4577991436		-0.0786173142		-0.0119297323		4.2345718047		0.068005477		0.006103173		2.0178874015		-0.0066307501

		38504		92		-0.0159515305		17.7202357101		0.0146611342		-0.0035872477		3.1171563302		-0.0654420207		0.0143830606		8.2591617991		0.1399628828		0.0073131366		3.4184154945		0.0790907383		-0.0041244481		6.5181262173		0.0664371773		0.0011998169		1.0836208091		0.0092631579		0.0185581686		8.9701369187		0.0295454545		0.0114560724		9.0662555986		-0.3835903893		-0.0002111371		2.1106757195		-0.0153579926		0.0059886983		3.2148631273		-0.0892815624		0.0189555988		8.0679504496		0.1056203236		0.010043792		2.7105444931		-0.0282828283		-0.0177988491		6.5048466741		-0.0997058824		-0.0006594789		1.6092853306		0.2420246704		0.0094976795		3.1480041699		0.0237510238		-0.0124531297		3.717627784		-0.0526518063		-0.0030434197		6.7108218762		0.0811320755		0.0132074916		6.3878389896		-0.0264615385		0.0003483677		2.1152448722		-0.0393544734		0.0127674109		2.9748407581		0.2068468468		-0.0331381988		8.4281924992		-0.1165584416		-0.0022812084		1.1726613328		0.0358293076		-0.0133565596		3.7743028918		-0.0946337926		-0.0064982036		3.8733447844		0.034491018		0.0079828993		3.1284257455		-0.0195372751		-0.0492925613		23.3319180368		0.1272037915		0.0109638881		11.747337526		0.0095423564		0.0031379853		2.3370022914		-0.0538350217		-0.0086562331		3.5935031705		-0.0908713693		0.0107568118		2.4943274412		-0.0416997617

		38412		91		-0.0222630108		21.8762620961		-0.1562609406		0.0082899123		3.7466738872		-0.14017769		0.0145990279		8.6204287088		-0.0111637865		0.0114523787		4.7499940313		0.0362079034		0.0054700533		6.0448991552		0.0485471936		0.0017850129		1.1165172948		0.0025327142		0.0199593925		8.526272951		0.1289770783		0.0160436875		11.9492756436		0.0423228346		0.0034120857		2.9195304367		0.0287049399		0.0058551403		3.2395405829		-0.1606167057		0.0170414357		7.6549165313		-0.035738255		0.009673491		2.6987082256		-0.0391014975		-0.0039285767		5.5379120222		0.1568560735		-0.0000291308		1.7636264003		0.0715587967		0.0138826636		4.1890703199		-0.0155872077		-0.0056516124		4.2574310142		0.1201033147		0.0034853027		4.8410068272		-0.1880061283		0.0090388948		5.2589424186		-0.0321620012		0.0062682835		2.8000610436		0.0208092486		0.0171861998		4.0634337723		-0.1088631985		-0.0373657842		9.5977110798		-0.0485016991		0.0008445612		1.1818039975		0.0277203144		-0.0101069165		3.5631940717		0.0498667682		-0.0041281915		3.925885089		0.0019198464		0.0114822858		3.6783648453		0.0172594142		-0.0438769483		22.4276798925		-0.0047169811		0.0137101934		11.0482136975		-0.4948849105		0.0029997551		2.3640274757		-0.0267605634		-0.0041944244		2.71128439		-0.0381161445		0.0124640203		2.9364934908		-0.1235642186

		38322		90		-0.0314231753		24.4399047318		0.0441086877		0.0183152693		5.3384803346		-0.0324737345		0.0143089732		8.2087856787		0.070212766		0.0153956391		6.6699166716		-0.0886996629		0.0115866553		7.4826219926		-0.1562357241		0.0052526531		1.5988536994		-0.0807140085		0.0234503783		8.8832695296		0.1292254201		0.0179443357		13.9749998769		-0.0622500256		0.0092565019		4.9046663488		-0.0672478207		0.0050291185		2.6688361193		0.044648318		0.0149430016		5.6007746456		0.162699961		0.0116709946		3.3166233702		-0.0120547945		0.0086013371		5.3198393889		-0.2663504743		0.0051927184		2.2808950935		0.046256557		0.0180426802		5.0102840434		0.050833098		0.0084473112		5.2429452946		-0.0068405301		0.0053789021		5.984970972		-0.0730371272		0.0044563503		3.6122819627		0.0589719331		0.0157435663		5.3784810096		-0.1130479364		0.0210324392		5.1807358991		-0.0286961946		-0.0324582668		8.6623094956		0.0071561917		-0.0036037165		4.4741314233		-0.0954341317		-0.000756221		2.7575482376		-0.0230568985		0.0017977071		4.1252066922		0.0007204611		0.0158963195		5.4928828787		-0.1052877866		-0.0290687064		20.1695060943		-0.0377632534		0.016510675		13.3020382483		-0.0163522013		0.0040981829		2.4115577682		-0.1236731671		0.0010741155		3.1595321326		-0.0513063234		0.0134380669		3.0597382845		0.0334532374

		38231		89		-0.0345152802		25.1373370281		0.0262598474		0.0193480202		5.6071185184		-0.0649002679		0.0164257062		7.6099445688		0.2988945578		0.0164565133		6.5736753777		0.0954139137		0.0117518561		7.544172672		-0.0341226651		0.0006138896		1.88926947		-0.0069364162		0.0204384044		8.1272361806		0.0029058504		0.022006107		14.0143154295		0.2120571784		0.0135443849		5.4478595551		0.0920217588		0.0030145266		2.2637175641		0.1460280374		0.0124252647		4.4976672698		0.0606248707		0.0115374058		3.0982351217		0.0869565217		0.0134512405		5.608432316		-0.0569679849		0.009753971		2.4712075321		0.1184		0.0190688426		5.2060599444		-0.0125488009		0.0223477394		5.7545231107		0.166001994		0.0055793045		5.8330631666		0.1497550735		-0.000181153		2.8407875197		0.1258654358		0.0208605916		6.5347001861		-0.0181223257		0.0223377127		4.9406098718		0.1437745273		-0.0226046113		6.5439088699		-0.0260606061		-0.0299740546		10.1738087648		-0.0336347197		0.0052576016		2.2303671222		-0.1212418301		0.0055465451		3.7494463359		0.0397003745		0.0155145297		5.1391538912		0.0903061224		-0.012181786		16.6226725733		0.0177383592		0.018637079		13.4518479955		0.1067680445		-0.0006111025		2.3388374652		0.0286947689		0.0028789637		3.2129932938		-0.0071428571		0.0155654102		2.9636767216		0.2328159645

		38139		88		-0.0273987431		24.2764412511		-0.1115431619		0.019141097		5.6956427377		0.016954284		0.0136214221		7.7201250154		-0.0601398601		0.0178043394		6.9797134482		0.0015570261		0.0088394818		7.2389890398		-0.0461560045		-0.0011732855		2.1418255453		0.0701030928		0.0116924098		6.4040136305		0.0103738501		0.0257505801		15.3833243755		0.012713998		0.0182625526		6.6053548216		-0.0511827957		0.0042263571		2.5999879807		-0.0364700585		0.0095988957		3.4770473064		0.088268408		0.0076953838		2.9343481858		0.0364197531		0.0094929869		5.8742429053		-0.0882163554		0.0186709252		3.3615514663		-0.1113744076		0.0134418213		4.8228795746		-0.021021021		0.0264823566		6.2968162533		-0.2731884058		0.0110791388		8.8462822782		-0.0273397618		-0.0018591835		2.614093353		0.0113105925		0.0230919245		6.9734997218		0.0247614135		0.0177105351		4.6959121716		0.0780769231		-0.0081678719		5.304594604		-0.3052631579		-0.041071733		11.4609344979		-0.0318627451		0.0065548425		2.3144420165		-0.1073512252		0.0041829739		3.7528632547		-0.2066164818		0.0143460968		4.9258207585		0.1136363636		0.0081222247		10.7478223949		-0.0058780309		0.0180328796		13.2087230661		0.0207695671		0.0017521054		3.0768344357		0.0881458967		0.0057783023		3.5075384397		0.0133333333		0.0171173691		3.3614488552		-0.1153393488

		38047		87		-0.0266067095		23.2973291644		0.0994259191		0.0087752391		5.9654507556		-0.047852407		0.004898391		7.9941203824		-0.0808080808		0.0135506268		6.3688945188		-0.0090646095		0.0015210384		6.6169482518		-0.0009810792		-0.0098263704		3.4229560705		-0.0118174409		0.0006960545		5.8190073205		0.2439737034		0.0217252737		14.2392870231		0.004679398		0.0127613321		6.3277548134		-0.1005802708		0.0010019978		2.7644873991		0.0521080057		0.0031415369		2.8766704977		0.0678047608		0.0035969286		2.8829106354		0.0615989515		-0.0051453416		8.6694917253		-0.013968254		0.0168215564		3.3838856995		-0.0761821366		0.0013206602		5.2195084865		0.082127031		0.0199069693		6.3614946744		0.0147058824		0.0103924595		8.998442337		-0.0401785714		-0.0065456556		3.6898721307		0.0981861199		0.0135972431		6.7039773912		-0.0758045292		0.0037045548		5.0617841952		-0.0899544977		-0.0078658363		5.2731883351		0.0749038244		-0.0598037985		12.864135454		0.1456077016		0.0018304286		2.3465631668		-0.0219686163		-0.0038382747		4.7240548284		0.0035785288		0.0018741272		6.1006540395		-0.0578158458		0.005729944		5.9830972058		-0.4809305873		0.0154621392		12.2353482624		0.060023175		-0.0026863949		3.581458871		-0.0095785441		0.0041005339		3.4467127534		-0.1204556877		0.0108325069		3.1774343629		0.0200080032

		37956		86		-0.0123833021		19.4828447345		-0.0371633541		-0.0056669336		6.2367086353		-0.0871052632		-0.0055601361		7.3634342866		0.0005512679		0.0084673079		4.7937812788		0.0750570185		-0.0086873212		6.9714479683		0.0764936632		-0.0215299945		5.3772652793		-0.0586881473		-0.0098433792		6.3688182304		-0.025391552		0.0136611922		12.0861932772		-0.0475788967		0.0031853603		5.8158367001		0.0651009477		-0.0026953869		3.0555577481		-0.0799738505		-0.0035836691		2.9302435967		0.0143902439		-0.0083665478		4.0743897694		-0.0148482892		-0.0137113662		9.5225106203		-0.1151685393		0.0079123999		3.0423489209		-0.0056595559		-0.0110343482		5.5356344962		0.0125635657		0.0032774876		6.7436802407		-0.151326053		-0.0007465613		10.6705038048		-0.0090634441		-0.0092087058		4.4640079963		-0.0181958962		0.0048525669		5.7667788588		0.1421181595		-0.0086825194		4.9769049044		0.1506242449		-0.0080649351		5.3976234706		-0.0435064935		-0.0661682896		14.5528729919		-0.089148703		-0.0079215841		3.4954980363		-0.007925276		-0.0059681302		4.7844803263		-0.0088669951		-0.0158582332		8.4740271555		0.0526908988		0.0036322282		4.4259550472		0.0500600721		0.0071338389		9.7157069063		-0.0893742746		-0.0115840811		4.9539176233		0.0416191562		-0.0015321067		3.9450970305		0.1251649387		0.0013936152		2.6992247948		0.0711530219

		37866		85		0.0053152127		14.0713324565		0.2310699291		-0.024338685		6.4113201375		0.4525993884		-0.0136912845		6.8965908402		0.2424657534		0.0073089986		4.3287988887		0.0703506436		-0.0187397333		9.2701272504		0.1487001733		-0.0355695164		6.4777440467		0.1716853933		-0.0143750554		6.2925546067		0.2274978153		0.0077560443		8.4887313092		0.2059848925		-0.0063209233		5.9059946057		0.0665787739		-0.0033545961		3.0006143091		0.1469632592		-0.0063707531		2.889900674		0.1202185792		-0.0171273136		5.099665519		0.0392485743		-0.0215723558		9.4517876156		0.3046665038		-0.0002349084		2.7979587539		0.1864669421		-0.0196785744		5.5994137245		0.2686907021		-0.0142203299		6.3366177458		0.1646075581		-0.0132497207		15.103279877		0.0492471414		-0.008260255		4.1969712811		0.0432148627		-0.0059896909		5.8382605485		0.0699097		-0.0186777363		5.0980152255		0.0548003398		-0.0062035112		4.9857176994		-0.0873172659		-0.0688340632		15.1576623793		-0.0154676259		-0.0172690844		4.5118423082		0.1629361422		-0.0083324225		4.7179237135		0.1813314711		-0.0302094055		9.5192741834		0.1142857143		0.0042301135		4.7239167725		0.0760611937		0.0038371478		6.9723640674		0.2263198758		-0.0176373774		5.8542172957		0.0813810111		-0.0022742595		3.9194805187		-0.0501342883		-0.0041719299		2.4234805489		0.1566683193

		37774		84		0.0078100413		9.0067707221		-0.4644906187		-0.0327352089		7.0437298152		0.0258823529		-0.0134068815		6.8998624225		-0.0360915493		0.003109096		3.7548087043		0.0777325999		-0.0251260696		10.5068418617		0.0456687206		-0.0397774185		7.9592636303		-0.1291585127		-0.0232810125		8.2853398446		0.0002913753		-0.001259276		5.0887343427		0.2367948257		-0.0131574563		6.155105516		0.063317757		-0.0025521029		3.0617324829		-0.0391450528		-0.0087307641		3.099862082		0.0192147034		-0.0262164211		6.1514826185		0.0394002789		-0.0283230676		10.2496211224		0.1369444444		-0.0086393141		3.230474457		-0.0910798122		-0.0218860011		5.9949981416		-0.0186219739		-0.0303240499		6.410200431		0.3224411341		-0.0172909091		15.678102558		0.0706666667		-0.0029549239		3.6940439478		-0.0421663443		-0.0178188363		6.5719140965		0.0043885313		-0.0291621664		5.5681585532		0.0670897552		-0.0078016013		5.8392200783		-0.1639966969		-0.0639274571		14.0397202001		0.0842433697		-0.0166563117		4.6789547134		-0.1103953148		-0.0053642862		4.6107152295		-0.0743374273		-0.0343933785		10.1438404152		-0.0383454106		0.0075461938		6.4337922276		0.0408163265		-0.0005840684		6.8226884789		0.0910631089		-0.0193457872		7.0316524539		-0.1776932826		-0.0025967061		4.0496602112		0.0406185951		-0.0127839296		3.0196025929		0.0212658228

		37683		83		0.0061773704		8.5662619315		-0.0080750596		-0.0515944272		7.8262956861		0.3157894737		-0.0197051141		6.4197318107		0.5166889186		-0.0044500124		3.8445979181		0.2582004213		-0.0301274893		11.0520084656		0.1158746208		-0.0534351294		8.1895882888		0.2736789631		-0.0472415767		10.703097674		0.3695131684		-0.0060884588		4.9154370668		0.131300813		-0.0246859342		7.0677187016		0.2423802612		-0.0060245251		3.4679898534		0.0715388574		-0.0470447223		17.3139412234		0.0274678112		-0.0436603581		8.2395513104		0.1247058824		-0.0300808266		10.3551854178		0.0707911957		-0.033318328		4.8269220659		0.3697749196		-0.0387335125		7.6480024388		0.2570224719		-0.0434130969		6.6314093962		0.2782555283		-0.0253585862		17.6590952825		0.0518934081		-0.0135287488		11.9715523236		-0.1066182824		-0.0472022445		8.6452133024		0.4415858288		-0.0456936677		5.5847764088		0.5255878285		-0.0158008318		7.5746745159		0.1053304126		-0.0565109638		12.1693331603		0.0590665014		-0.0205239437		4.9587036459		0.0959563543		-0.0030693633		4.3969559422		0.1464920949		-0.0521610623		10.5455254265		0.3596059113		0.0119983888		9.311724406		0.001459854		-0.0091932668		8.3229817917		0.2258566978		-0.0283406925		8.0836705592		0.1159830269		-0.0016081859		4.1394060477		0.0315202768		-0.0311452		4.6647353988		0.16039953

		37592		82		0.0061506047		8.4839123012		0.0545823195		-0.0317553537		6.5177656742		-0.1492537313		-0.0056141988		4.8359341641		-0.2607944732		-0.0077907878		4.534119264		-0.0599717115		-0.020403367		9.0210656746		-0.1452031115		-0.0382190111		7.9528340473		-0.2600516415		-0.0362024065		10.7836830493		-0.2403758715		-0.0019191487		5.1742676966		0.0761154856		-0.0225827495		6.9452072412		-0.0210287013		-0.0017674323		2.976984054		-0.083490566		-0.0671472835		20.9484312953		0.0002862049		-0.0430584769		7.892553441		0.0472279261		-0.0171327467		8.8360883863		-0.0879001628		-0.0446175616		6.450902181		-0.1042626728		-0.0350182971		7.7675533681		-0.11		-0.0406964341		6.4625213256		0.0456005138		-0.0232746704		17.2472951408		0.012		-0.0280623801		16.0641589934		0.0774529883		-0.0518923913		9.4732253892		-0.0120833333		-0.026559323		4.158862699		-0.1007462687		-0.022060398		9.8846054275		-0.0323264441		-0.0124840636		7.4116038574		-0.53172147		-0.020291704		4.8725834404		0.0192999673		-0.0003933275		4.1504523064		-0.0766423358		-0.0371221446		8.7663330687		0.0141548709		0.0145216076		10.0695100751		0.0361880382		-0.0095921719		8.5533710195		-0.0671617695		-0.0244723703		7.8975982407		-0.0877419355		0.0012341078		3.9785455202		0.0300930509		-0.0391445632		5.2540750058		0.0435315757

		37502		81		0.0063945108		8.8709692521		0.1212148768		-0.0143397162		5.5346314175		0.1803108808		0.0067399148		4.9568506065		0.0445876289		-0.0245720501		7.8158015343		0.1337395767		-0.0260585009		10.847884052		0.0575868373		-0.0587813108		8.9581868879		0.3487562189		-0.0398813998		11.8317620844		-0.0334016994		0.0061846132		5.8951101697		0.2283718431		-0.0249226483		6.695891613		0.186846543		-0.0033014308		3.1433336119		0.1754920987		-0.0890726455		23.4261766753		0.0952978056		-0.0419359732		7.819622475		-0.0121703854		-0.0058285459		7.1217802285		-0.0524421594		-0.0923315078		8.4038557296		0.4875749786		-0.0407858605		8.0720755798		0.108033241		-0.0502798385		7.0977644853		0.120950324		-0.0213134446		16.5099903824		0.3291030698		-0.0397709512		19.4449000756		-0.006841716		-0.0524628523		8.4355029574		0.2638230648		-0.017087252		3.1520680754		-0.0894677237		-0.0407415369		13.7082101708		0.2384598556		-0.0113478857		8.16601494		0.1819844536		-0.0186480089		4.4403015141		0.0534114404		-0.0048392682		5.629657476		-0.0859049208		-0.0152935199		6.6689310874		-0.0796934866		0.0123392063		9.7385058224		-0.0384873574		-0.0095807646		8.5483209217		0.0964772526		-0.036276144		8.1184348727		0.4121720117		0.003950747		4.2802293849		0.025792039		-0.0461946471		5.6382636698		0.0772787318

		37410		80		0.0088775539		10.813940245		-0.1059349593		0.006718998		4.3149965783		-0.4177978884		0.0201757844		8.0628653158		-0.1117216117		-0.0290806359		9.5589715049		-0.1415198238		-0.0166849977		9.0905808475		-0.1982998681		-0.0247796151		6.733850555		-0.3409836066		-0.0241296618		11.1882468093		-0.2415555556		0.0166758449		7.2967382901		-0.2396322778		-0.0174284432		6.4634544399		-0.2348387097		0.0004210732		2.680100447		-0.1876126126		-0.0681882995		23.286055256		-0.2204301075		-0.0368269101		8.1534559113		-0.1514629948		-0.0037757351		7.1793008496		-0.2722170253		-0.1997276918		29.4616447015		-0.2362565445		-0.0128276296		6.9723740447		-0.3851830826		-0.0658147117		12.9033261356		-0.2397372742		-0.0116825483		13.9306040879		-0.1901388889		-0.0423135992		19.6962292748		0.0348258706		-0.0240531429		7.190629155		-0.4401533019		-0.0060592955		2.0753961993		-0.3792618629		-0.0268090185		11.7979588016		-0.0973538705		-0.0060576266		7.3947127483		-0.2003656307		-0.0098823602		3.0943489575		-0.1708571429		-0.0061485248		6.0217825464		-0.1435714286		-0.0036187692		4.6027675788		-0.2894092023		0.0126426311		9.9500476202		0.0008958567		-0.0016920663		8.3062743767		-0.1680412371		-0.008988792		4.9516457336		-0.3165628892		0.0065529588		4.4254350478		-0.10489002		-0.042189556		6.4008638457		-0.1989417989

		37316		79		0.0108959901		11.9908793842		0.0694722198		-0.0054452662		8.8353047978		-0.1216216216		0.0232115469		9.8959936173		-0.1706853997		-0.0529151452		23.5471689081		-0.11328125		-0.0208463615		12.4119020646		-0.0542001663		-0.01150432		5.3777714122		-0.1853632479		-0.0102243749		11.6110140038		-0.067357513		0.0156962258		7.6126210516		-0.1389621812		-0.0141126993		6.6064590704		-0.2174878837		-0.0019655125		2.9224074042		-0.0583244963		-0.0561730599		22.1138234974		-0.0663928816		-0.0512137875		23.7153593254		-0.2232620321		-0.0145838098		10.7658196037		-0.1157981803		-0.2733250933		41.4051716647		-0.1482720178		-0.016497654		8.3274619896		-0.0794355892		-0.1139237665		33.8840732728		-0.3992107859		-0.0015369983		10.2534545522		-0.3076923077		-0.0320817351		19.4830533897		-0.1953810624		-0.0344222209		11.0000071064		-0.0485273492		-0.0131520564		3.1691028482		0.0252252252		-0.0156376761		10.147362583		-0.1205279611		-0.0052089566		7.7623307118		-0.0930193998		-0.0054400341		2.3117243313		-0.1192752894		-0.0096553187		6.0361490597		0.0715652507		-0.0028652183		4.5827046473		-0.2443941576		0.0103726225		8.8373510278		-0.0087690088		0.0017299895		8.8172245789		-0.0849056604		-0.0047509196		4.228832367		-0.1290672451		0.0032688134		4.5766652747		-0.1026101142		-0.043174968		7.5800170165		-0.1811091854

		37228		78		0.0111304863		12.2772143063		-0.0270704678		-0.0307114291		14.0580210484		0.0616033755		0.0316825186		11.3127112039		0.1487459106		-0.1272078405		40.8452321003		0.1476604091		-0.0171616471		12.2085596902		-0.0914357683		-0.0033780289		5.0415860276		-0.0441664539		0.0008464695		12.1238111624		0.2441980402		0.0136960266		6.8857546712		0.0880382775		-0.0131144491		6.5876253666		-0.0190174326		-0.0102659221		4.6150767222		0.109150788		-0.0468196703		19.7922166255		0.1152671756		-0.0975682331		37.9623540617		-0.0668662675		-0.0290760422		13.0168922581		0.2438271605		-0.288444181		46.8019780255		-0.1265822785		-0.0216843648		8.6520567631		0.1315789474		-0.1510302067		40.3546066884		-0.0330683625		-0.0012398278		10.4104888492		-0.1402116402		-0.0237722357		18.473674395		0.0989847716		-0.0498307517		15.5854085187		-0.0192572215		-0.0162814343		3.635797039		0.0483566301		-0.0056501035		9.5538367739		-0.0207482993		-0.0178140771		14.1794515286		-0.0896603774		0.0015789646		3.5380695629		-0.0027603513		-0.0082552446		5.9877880555		0.1083775186		-0.0108341075		6.3310022646		-0.0470495981		0.0005848384		10.4311710613		0.1385062555		0.0052179968		9.7294729198		0.14807365		-0.0047998314		4.7814102583		-0.0286557101		-0.0011323235		3.6997958228		0.0651607298		-0.0455061272		7.442179389		0.1138996139

		37138		77		0.0111660039		11.5078606327		0.2013211382		-0.0534796629		17.0873048423		0.1464043857		0.0309791387		11.5024798838		-0.0505280596		-0.2082512942		49.5945562113		0.2281486579		-0.017440078		12.2282507237		0.0179487179		-0.0025609914		4.991872797		-0.1687181664		0.0231596366		11.1475540227		0.1576119403		0.0075465839		7.1063362215		0.1662946429		-0.0132410091		6.2751309819		0.2464197531		-0.0220241958		7.4742073885		0.1329957356		-0.0202234606		14.9314128978		-0.0025380711		-0.1374361851		44.3963450235		0.0774193548		-0.0291193879		12.2403163071		0.1328671329		-0.3279282135		45.0362834862		0.2797507788		-0.0308514493		9.1153830403		0.2810606061		-0.2139398451		39.3669340301		0.5386497065		-0.003010533		10.0336868739		0.3187963367		-0.021212604		17.3916602901		0.0667870036		-0.0613762811		17.2149525291		0.0644216691		-0.022170709		5.0229505158		-0.0246868091		-0.0007437002		8.9211003741		-0.1171171171		-0.0369094493		18.1585226876		0.2947039281		0.0055580614		4.1388690432		-0.006234414		-0.0107537469		6.6936601927		0.0064034152		-0.0306048657		10.6105341337		0.3294240292		-0.0167377268		16.4400689374		0.0870998764		0.0152496494		9.5907845167		0.3898924731		-0.006972351		5.6934530002		-0.1228978008		-0.0075014493		5.0383004812		0.1626262626		-0.0233036006		6.2127059497		0.1127819549

		37043		76		0.0100075068		11.457604264		-0.1375985977		-0.0444818478		17.4591607479		-0.22475		0.0211939394		10.6110394985		-0.0244444444		-0.1562117884		49.664441629		-0.2510309278		-0.0118026524		11.8319337532		-0.082460887		-0.0060908637		5.4452580088		0.1762356465		0.0202394432		10.7063639141		-0.3974820144		-0.0053557747		8.1024309177		-0.1048951049		0.0003904321		6.3249894168		-0.2335352006		-0.0217428257		8.9962557328		-0.2222222222		0.0055362485		4.7057401734		-0.5489410418		-0.0991899734		43.5878820727		-0.2408163265		-0.0135303537		11.2489071611		-0.3333333333		-0.1493925205		41.2902714092		-0.4388111888		-0.0239372119		9.1312806855		-0.2435530086		-0.1153651431		36.7395241872		-0.3011965812		-0.0043219307		10.9596220381		-0.1918942731		-0.0060117659		12.498468312		0.1088871097		-0.0461062172		17.0210004081		-0.2320665617		-0.0264402776		5.6232135166		0.0029563932		0.0071377549		8.9245206505		0.0420904397		-0.0253252531		17.9669977602		-0.2990410959		0.0105544157		4.5372537662		0.0012484395		-0.0078331401		6.4879664391		0.0411111111		-0.0264458086		10.8582128721		-0.1877646063		-0.0272791332		17.8723483287		0.1409090909		0.0123815713		8.6422661141		-0.3652743653		-0.0110001625		6.5517916429		0.0114018692		-0.0010606736		5.7268198013		0.0143442623		0.0013326411		5.4818292561		-0.3554863274

		36951		75		0.0076089467		9.3085014808		0.0981713186		-0.0508265102		17.5999265016		0.1126564673		0.0077471022		8.8108227256		0.043203372		-0.1284124645		46.8795447188		-0.0605326877		-0.0131872536		12.1499833602		0.0560248447		-0.0061261191		5.6871706625		-0.1023974905		0.0190873545		10.4066638001		-0.0019745109		-0.0218036914		9.5471557245		0.1277602524		-0.0037979198		8.0509224312		0.1747443308		-0.0336671296		10.4758752531		0.1852579853		0.0039390768		4.1674862745		0.0783950617		-0.0993296496		41.6534591618		0.1705685619		-0.0182476206		11.8811267643		0.2410800386		-0.0849483461		36.055312336		-0.0853853534		-0.0229583333		9.2884278069		-0.1446078431		-0.0625731661		33.77063163		0.1117445838		-0.0193137867		23.3786461932		0.1800790185		-0.000494331		8.9542831525		-0.4288327427		-0.0452557374		17.0930384804		-0.0095768374		-0.0253126996		5.423883509		0.0192090395		0.0093803059		8.7991119447		-0.1579710145		-0.0336518877		18.0090427718		0.3347961236		-0.0374346233		24.0308048078		-0.021978022		-0.0082772365		6.6736761701		-0.0035429584		-0.0270306668		10.7235833073		0.0960556845		-0.0267528129		17.6318230857		0.0191693291		-0.0040650098		17.9107803138		-0.0005457026		-0.0127734368		6.8167206511		0.0851926978		0.0039628067		6.2076705706		-0.0336633663		0.0070168744		5.4622439084		0.0101398601

		36861		74		0.0070265199		9.6956404367		-0.1377593361		-0.0434057106		18.1753374418		0.0731343284		-0.0082475296		7.8683905206		0.0784090909		-0.0633261582		41.3284386419		-0.2482708409		-0.0073900692		10.7128534136		-0.1832386364		-0.0061921238		5.7900133757		-0.0653403141		0.0167405138		10.5550603892		-0.1559090909		-0.0191642543		9.5255075942		-0.0619319383		-0.0019478363		7.8315562778		-0.1190755973		-0.0201081782		9.655803804		-0.1575243221		0.0070494394		5.7618293567		-0.0683229814		-0.0587928752		37.4348048932		-0.1268251982		-0.0194124375		12.1685828251		0.0178641539		-0.0044839367		29.959791158		-0.0091888466		-0.0102923364		9.5278143166		-0.1376030438		-0.0541078712		33.7532291504		-0.124750499		-0.0372110997		30.8222940177		0.1315294118		0.0011110421		9.104261534		-0.1674281363		-0.0390395361		16.0914107974		-0.0118838028		-0.0399531969		13.5011354327		-0.2191176471		-0.0030236479		17.1568208803		-0.1892757958		-0.0660437589		28.4552515943		0.2607192254		-0.0786888469		36.8959093114		-0.1097826087		-0.0059130149		6.4003307772		-0.2589432228		-0.0193027682		9.7759886912		-0.0566863646		-0.0201993216		17.3994717353		-0.2019377868		-0.0270275292		26.7698155646		-0.0676672602		-0.0090463057		6.5807573983		-0.0165569519		-0.0151554432		13.7585938361		-0.0495012234		0.0105089991		5.3596338832		-0.0117484451

		36770		73		0.007043316		7.7911811792		0.3224319579		-0.0500298902		17.1108144833		0.3235875148		-0.0423851016		10.5907593027		0.4945652174		-0.0202887815		36.585168391		-0.0956378601		-0.0015656081		11.4736353661		0.0299926847		-0.008822304		5.4544082524		-0.042702486		0.0090515672		6.8082437242		0.023255814		-0.0256892006		9.2051661613		0.5261290323		0.0052552719		8.0549999663		-0.0554938957		-0.0166154386		8.9049441466		0.1817514677		0.0054115334		5.0081458102		-0.0243519246		-0.0151988147		32.6340121319		-0.1707317073		-0.0045520401		10.3025333788		-0.2163076923		0.0283137606		23.8379221538		-0.6746391753		-0.005918071		9.9451045418		0.3278136402		-0.0112821693		28.969469874		-0.2767083734		-0.0283705883		31.5760847405		-0.2452495116		0.0016131944		9.0808620924		0.1183734298		-0.0136761204		12.7137808875		-0.0162372808		-0.0619056123		16.3767701112		0.1262007287		-0.0357557297		28.9482546563		0.2576571736		-0.0438391499		27.7913764646		-0.2807162991		-0.1008814704		40.4865743515		0.0240427427		-0.0130613806		7.1676483192		0.1053872665		-0.0026509913		8.6406435847		-0.1369474877		-0.0217266061		17.1492499466		0.1707462687		-0.0413250309		28.5411791718		0.1333429436		-0.0059752989		6.5038935942		0.0348885219		-0.0230292053		14.9373271805		0.1038853106		0.0128145496		5.3931249848		-0.2433986928

		36678		72		0.0104660031		8.9252853647		0.0978313253		-0.0149161919		12.9014026243		-0.1272413793		-0.050944539		10.9037460323		0.1084337349		0.0273945571		32.1562546376		0.1653558412		0.0023052729		16.1640828131		-0.1856170213		-0.0023754941		5.8292440532		0.1336363636		0.006964737		4.2503892192		0.5426931356		-0.0102193163		8.0106244555		-0.0850059032		0.004473895		8.9175362064		-0.1027385892		-0.0067366957		7.4438816429		-0.0656		0.0064016616		5.0532251145		0.1351592357		0.0275029532		28.3277699024		0.090754717		0.0051509683		10.7475853625		0.1195315191		0.0288054359		27.4928656852		-0.2231921198		0.0178481552		9.7586046757		0.0575838528		0.0078835203		26.4084533979		-0.689131573		-0.02281438		31.2936450667		0.0279299014		0.0047092415		10.4607730684		-0.0778443114		0.01169552		12.3171053441		0.0028224056		-0.0528677965		15.9323489573		-0.0834851245		-0.042937705		31.2370139511		-0.0284521013		-0.0230627717		25.4577535774		-0.246125		-0.0950308877		40.643892938		-0.0641666667		-0.0148390759		8.1885911708		-0.0402158774		0.0136589124		10.6077717527		0.0600720865		-0.0070361233		15.2364763926		0.1806167401		-0.0416548765		28.1428855755		0.1781589674		0.0076929396		6.5529752066		-0.0466443613		-0.0134766765		14.5329946194		-0.1648446989		0.0104642461		5.2927780814		-0.0144292708

		36586		71		0.0077838164		9.2961485616		-0.0627822945		-0.0021840631		10.7714764154		-0.5871886121		-0.050982923		10.1091891044		0.28		0.0204083056		25.2101754495		-0.6499932859		-0.0073026008		19.0541292265		0.0730593607		0.0062774642		6.3144910406		0.044386423		0.0010639007		5.0941250618		0.1057921185		-0.0049125805		7.2529660974		-0.1409736308		-0.0019268973		8.9540960994		0.0061790247		-0.0063661898		7.7930386531		-0.1735927465		0.0059905797		4.8734613886		0.0064102564		0.0186783592		22.2292901013		-0.6594486924		0.0046331308		9.4404990964		-0.2988769472		0.0226060389		24.6157814312		-0.0580114665		0.0165288356		9.2909240426		-0.3605997343		0.0034818198		23.8528851596		0.0132636047		-0.0100422772		30.7087007804		-0.0744276421		0.0114091289		11.3712950886		0.4501067616		-0.0041369423		20.7322331437		-0.4717284092		-0.0444543699		15.6767393229		-0.1187800963		-0.0578147503		32.3363781521		0.2332206663		-0.0055735652		23.0620424074		-0.2470588235		-0.1187813957		39.8976149422		0.3129102845		-0.0231230433		9.6599456802		0.2236898168		0.005983822		12.1709731906		-0.2257364341		0.0096699483		11.6351267175		0		-0.0337982757		27.3268622421		-0.0682069948		-0.0017546355		12.1745557905		-0.1688205464		-0.0089532897		14.6583041459		0.02		-0.0532240316		28.6448117789		-0.0591515152






